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Abstract
We provide a general method for constructing bosonic Bogoliubov transforma-
tions that diagonalize a general class of quadratic Hamiltonians. These Hamilto-
nians describe the pair interaction models. Bogoliubov transformations are con-
structed algebraically, and the resulting Hamiltonians become the second quan-
tizations of explicit one-particle Hamiltonians. Moreover, an explicit formula for
the ground state energies is given. Our method systematically diagonalizes var-
ious models of quantum field theory, including a model of a harmonic oscillator
coupled to a Bose field and the Pauli-Fierz models in the dipole approximation.
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1 Introduction
The Bogoliubov transformation is a basic tool for analyzing quantum field Hamiltoni-
ans. It is a map from the creation and annihilation operators to their linear combi-
nations, which preserves the canonical commutation relations (CCRs). It is believed
that Hamiltonians with quadratic interactions of creation and annihilation operators
can be diagonalized by Bogoliubov transformations [7]. Here the diagonalization means
that the Hamiltonian is unitarily equivalent to the second quantization of a one-particle
Hamiltonian, up to a constant.
In many studies of quadratic Hamiltonians, Bogoliubov transformations were con-
structed using the scattering theory, and extra regularities on coupling functions were
required. Readers are referred to [11] for physical discussions and [1, 2, 3, 6, 10] for
mathematical studies. However, the systematic construction of Bogoliubov transforma-
tions that diagonalize quadratic Hamiltonians has not been fully elucidated. In [13], it
has been shown that a wide class of quadratic Hamiltonians are diagonalized, but the
resulting one-particle Hamiltonians are not specific enough for further analysis.
In this paper, we provide a method for constructing Bogoliubov transformations
that explicitly diagonalize a general class of quadratic Hamiltonians, meaning that the
resulting one-particle Hamiltonian and the ground state energy are explicitly given.
Our construction of Bogoliubov transformations does not use any scattering theory, is
algebraic, and is independent of precise spectral properties of one-particle Hamiltonians.
The Hamiltonians studied in this paper have the following form:
H = dΓb(T ) +
1
2
∞∑
n=1
λnΦS(gn)
2,
where dΓb(T ) is the second quantization operator of T , λn ∈ R and ΦS(gn) is the Segal
field operator with a coupling function gn. We call the quantum field model described
by H the pair interaction model. We suppose that T , λn and gn satisfy the conditions
(B1)–(B6) given in Section 4. Then the Hamiltonian H is self-adjoint and bounded
from below. The main results of this paper (Theorem 5.3 and Theorem 6.1) state
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that H is explicitly diagonalized by a unitary operator U implementing a Bogoliubov
transformation, that is,
UHU∗ = dΓb(S) + E,
where the one-particle Hamiltonian S and the ground state energy E are given by
S =
(
T 2 +
∞∑
n=1
λn |T 1/2gn〉〈T 1/2gn|
)1/2
, E =
1
2
tr(S − T ).
Thus, after the diagonalization, the spectral analysis of H is reduced to that of S.
Notably, if T is given by the relativistic dispersion relation T = (−∆+m2)1/2, then S2
becomes a trace class perturbation of the free Schro¨dinger operator.
This paper is organized as follows. In Section 2, we give a criterion for diagonalizing
a Hamiltonian by a Bogoliubov transformation in a general setting (Theorem 2.4 and
Theorem 2.6). In Section 3, we construct a class of Bogoliubov transformations from
two non-negative self-adjoint operators (Theorem 3.5). In Section 4, we define the
Hamiltonians of the pair interaction models and prove the self-adjointness (Theorem
4.3). In Section 5, we diagonalize the Hamiltonians (Theorem 5.3). In Section 6, we
give an explicit formula for ground state energies (Theorem 6.1). In Section 7, we apply
those results to various models of quantum field theory. More precisely, we consider
the single pair interaction model, a model of a harmonic oscillator coupled to a Bose
field, and the Pauli-Fierz models in the dipole approximation. In Appendix A, we
give some inequalities on the creation-annihilation operators and second quantization
operators. In Appendix B, we show the equality of the domains of T−3/2 and S−3/2
under a suitable condition, which is used to solve the infrared problem of the Pauli-Fierz
model (Theorem 7.5).
2 General Theory of Diagonalization
In this section, we give a criterion for diagonalizing a Hamiltonian by a Bogoliubov
transformation in a general setting. Let us begin with recalling a boson Fock space and
related objects.
Let H be a separable complex Hilbert space. The boson Fock space over H is
defined by
Fb(H ) :=
∞⊕
n=0
[ n⊗
s
H
]
,
where ⊗ns H denotes the n-fold symmetric tensor product of H and ⊗0sH := C. A
vector Ψ ∈ Fb(H ) is denoted by Ψ = (Ψ(n))∞n=0 with Ψ(n) ∈ ⊗ns H . The standard
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creation operator A∗(f) for f ∈ H is defined by
dom(A∗(f)) :=
{
Ψ = (Ψ(n))∞n=0 ∈ Fb(H )
∣∣∣∣
∞∑
n=0
n‖Sn(f ⊗Ψ(n−1))‖2 <∞
}
(A∗(f)Ψ)(n) :=
√
nSn(f ⊗Ψ(n−1)), n = 1, 2, 3, · · · ,
and (A∗(f)Ψ)(0) := 0. Here, Sn is the symmetrization operator, which is an orthogonal
projection from ⊗nH onto ⊗ns H . The adjoint operator A(f) := [A∗(f)]∗ is called the
annihilation operator. Let
Fb0 := {Ψ = (Ψ(n))∞n=0 ∈ Fb(H ) | Ψ(n) = 0, n ≥ N for some N ∈ N}.
For a subspace D ⊂ H , we set
Fb,fin(D) := L.h.{Ω, A∗(f1) · · ·A∗(fn)Ω | n ∈ N, fj ∈ D , j = 1, · · · , n},
where Ω := (1, 0, 0, · · · ) ∈ Fb(H ) is called the Fock vacuum. It follows that A(f)Ω =
0 (f ∈ H ). Note that Fb0 and Fb,fin(D) are cores for A(f) and A∗(f) if D is dense in
H . The operators A(f), A∗(f) satisfy the following CCRs on Fb0:
[A(f), A∗(g)] = 〈f, g〉
[A(f), A(g)] = 0 = [A∗(f), A∗(g)] f, g ∈ H .
For f ∈ H , the Segal field operator is defined by
ΦS(f) =
1√
2
(A(f) + A∗(f)).
They satisfy the CCRs in the following form:
eiΦS(f)eiΦS(h) = e−i Im〈f,h〉/2eiΦS(f+h), f, h ∈ H .
It is known that the set {eiΦS(f) | f ∈ H } is irreducible, meaning that the only
everywhere defined bounded operators on Fb(H ) that commute with all e
iΦS(f) (f ∈
H ) are scalar operators.
We denote by B(H ) the set of everywhere defined bounded operators on H . Let
J be a conjugate operator on H . Suppose that two bounded operators X, Y ∈ B(H )
satisfy
X∗X − Y ∗Y = 1, X∗JY J − Y ∗JXJ = 0, (2.1)
and
XX∗ − JY Y ∗J = 1, −XY ∗ + JY X∗J = 0. (2.2)
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For each f ∈ H , we define an operator B(f) by
B(f) := A(Xf) + A∗(JY f). (2.3)
Here, S denotes the closure of a closable operator S. By (2.1), the operators B(f), B∗(f)
(f ∈ H ) satisfy the CCRs on Fb0, i.e.,
[B(f), B∗(g)] = 〈f, g〉 , [B(f), B(g)] = 0, f, g ∈ H . (2.4)
The correspondence
{A(f), A∗(f) | f ∈ H } 7→ {B(f), B∗(f) | f ∈ H }
is called a Bogoliubov transformation. It is known that there exists a unitary operator
U on Fb(H ) such that
UB(f)U∗ = A(f), f ∈ H (2.5)
if and only if Y is Hilbert-Schmidt (see [14]). In this case, the Bogoliubov transfor-
mation is said to be proper. We call the unitary operator U a (proper) Bogoliubov
transformation too. Set
Sp := {(X, Y ) ∈ B(H )× B(H ) | (2.1) and (2.2) hold} (2.6)
Sp2 := {(X, Y ) ∈ Sp | Y is Hilbert-Schmidt}. (2.7)
Let (X, Y ) ∈ Sp be arbitrary, and let B(f) be as defined in (2.3). We set
φ(f) :=
1√
2
(B(f) +B∗(f)), f ∈ H ,
which is the field operator corresponding to B(f). Then {φ(f) | f ∈ H } satisfies the
CCRs:
eiφ(f)eiφ(h) = e−i Im〈f,h〉/2eiφ(f+h), f, h ∈ H .
We set
F (f) := Xf + JY f, f ∈ H . (2.8)
Then φ(f) = ΦS(Xf + JY f) = ΦS(F (f)).
Lemma 2.1. The map H ∋ f 7→ F (f) = Xf + JY f ∈ H is bijective, continuous
and real-linear.
Proof. It is sufficient to show that F is bijective. For each f ∈ H , we put G(f) :=
X∗f − Y ∗Jf . Then
(G ◦ F )(f) = X∗F (f)− Y ∗JF (f) = X∗(Xf + JY f)− Y ∗J(Xf + JY f)
= (X∗X − Y ∗Y )f + (X∗JY J − Y ∗JXJ)Jf = f,
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and
(F ◦G)(f) = XG(f) + JY G(f) = X(X∗f − Y ∗Jf) + JY (X∗f − Y ∗Jf)
= (XX∗ − JY Y ∗J)f + (−XY ∗ + JY X∗J)Jf = f.
Thus F is bijective.
Lemma 2.2. Let D be a dense subspace of H . Then {eiφ(f) | f ∈ D} is irreducible.
Proof. By Lemma 2.1, the set {Xf + JY f | f ∈ D} is dense in H . Hence
{eiφ(f) | f ∈ D} = {eiΦS(Xf+JY f) | f ∈ D}
is irreducible.
In what follows, we assume that Y is Hilbert-Schmidt, i.e., (X, Y ) ∈ Sp2. Thus
there exists a unitary operator U on Fb(H ) such that
UB(f)U∗ = A(f), f ∈ H .
Lemma 2.3. It follows that
Uφ(f)U∗ = ΦS(f), f ∈ H .
Proof. We first note that φ(f) is essentially self-adjoint on Fb,fin(H ) because φ(f) =
ΦS(Xf + JY f). Since
UB(f)U∗ = A(f), UB∗(f)U∗ = A∗(f),
we obtain
U
(
B(f) +B∗(f)√
2
)
U∗ =
A(f) + A∗(f)√
2
,
whence
Uφ(f)|Fb,fin(H )U∗ = U
(
B(f) +B∗(f)√
2
) ∣∣∣
Fb,fin(H )
U∗ ⊂ A(f) + A
∗(f)√
2
⊂ ΦS(f).
By taking the closure of both sides, we get the desired result.
Before going to the next theorem, we recall the second quantization operator. Let
S be a self-adjoint operator acting in H . The second quantization dΓb(S) of S is a
self-adjoint operator acting in Fb(H ), which is defined by
dΓb(S) :=
∞⊕
n=0
S(n),
where
S(n) :=
n∑
j=1
1⊗· · · 1⊗ jthS ⊗ 1 · · ·⊗ 1 (2.9)
with S(0) := 0.
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Theorem 2.4. Let H be a self-adjoint operator acting in Fb(H ), and let S be a self-
adjoint operator acting in H . Suppose that there exists a dense subspace D of H such
that
eitHφ(f)e−itH = φ(eitSf), t ∈ R, f ∈ D . (2.10)
Then there exists a real number E so that UHU∗ = dΓb(S) + E.
Proof. Recall that Ω = (1, 0, 0, · · · ) ∈ Fb(H ) is the Fock vacuum. Fix t ∈ R. We first
show that two vectors e−itHU∗Ω and U∗Ω are linearly dependent. Let A be the linear
span of {eiφ(f) | f ∈ D}. It follows that for any f ∈ D ,
〈e−itHU∗Ω, eiφ(f)e−itHU∗Ω〉 = 〈U∗Ω, eitHeiφ(f)e−itHU∗Ω〉
= 〈U∗Ω, eiφ(eitSf)U∗Ω〉 = 〈Ω, Ueiφ(eitSf)U∗Ω〉 = 〈Ω, eiΦS(eitSf)Ω〉
= e−‖f‖
2/4 = 〈Ω, eiΦS(f)Ω〉 = 〈Ω, Ueiφ(f)U∗Ω〉 = 〈U∗Ω, eiφ(f)U∗Ω〉.
By linearity,
〈e−itHU∗Ω, xe−itHU∗Ω〉 = 〈U∗Ω, xU∗Ω〉 (2.11)
holds for any x ∈ A. Thanks to the CCRs, A is a ∗-algebra containing the identity.
Since {eiφ(f) | f ∈ D} is irreducible by Lemma 2.2, the von Neumann’s double commu-
tant theorem implies that A is weakly dense in B(Fb(H )). Thus the equality (2.11)
holds for any x ∈ B(Fb(H )). Letting x = |U∗Ω〉〈U∗Ω|, we get |〈e−itHU∗Ω, U∗Ω〉| = 1.
Since the Cauchy-Schwarz inequality becomes an equality if and only if two vectors are
linearly dependent, we conclude that e−itHU∗Ω and U∗Ω are linearly dependent.
Take a unique complex number c(t) so that e−itHU∗Ω = c(t)U∗Ω. Then |c(t)| = 1.
Since the map t 7→ e−itH is a continuous group homomorphism, so is t 7→ c(t), and
hence there exists a unique real number E such that
c(t) = e−itE , t ∈ R.
We next show that UHU∗ = dΓb(S) + E. For this, let t ∈ R and f ∈ D be arbitrary.
Then
UeitHeiφ(f)U∗Ω = UeitHeiφ(f)e−itH · eitHU∗Ω = Ueiφ(eitSf) · eitEU∗Ω
= eitEeiΦS(e
itSf)Ω = eitEeitdΓb(S)eiΦS(f)Ω = eit(dΓb(S)+E)eiΦS(f)Ω.
On the other hand,
UeitHeiφ(f)U∗Ω = UeitHU∗ · Ueiφ(f)U∗Ω = eitUHU∗eiΦS(f)Ω.
Since the linear span of {eiΦS(f)Ω | f ∈ D} is dense in Fb(H ), we obtain UHU∗ =
dΓb(S) + E.
The ground state energy E can be expressed in terms of H , S and Y .
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Proposition 2.5. Assume the conditions of Theorem 2.4. If S is non-negative and
Ω ∈ dom(H), then Y S1/2 is Hilbert-Schmidt and the ground state energy E of H is
given by
E = 〈Ω, HΩ〉 − ‖Y S1/2‖2HS.
Proof. By Theorem 2.4, we have H = U∗dΓb(S)U + E. Since Ω ∈ dom(H), one has
UΩ ∈ dom(dΓb(S)) and
E = 〈Ω, HΩ〉 − 〈UΩ, dΓb(S)UΩ〉 .
Since S is non-negative, for any orthonormal basis {en}n ⊂ dom(S), we have (see e.g.,
[5, Theorem 5.21])
〈UΩ, dΓb(S)UΩ〉 =
∞∑
n=1
‖A(S1/2en)UΩ‖2. (2.12)
By the definition of U , we get
‖A(S1/2en)UΩ‖ = ‖B(S1/2en)Ω‖ = ‖A∗(JY S1/2en)Ω‖ = ‖JY S1/2en‖ = ‖Y S1/2en‖.
Since the right-hand side of (2.12) converges, so does
∑
n ‖Y S1/2en‖2. Thus, Y S1/2 is
Hilbert-Schmidt and
〈UΩ, dΓb(S)UΩ〉 = ‖Y S1/2‖2HS.
This finishes the proof.
The following theorem provides a sufficient condition for the assumption (2.10) of
Theorem 2.4. For densely defined closed operators A,B, we define a quadratic form
〈Φ, [A,B]wΨ〉 := 〈A∗Φ, BΨ〉 − 〈B∗Φ, AΨ〉 ,
for Φ ∈ dom(A∗) ∩ dom(B∗) and Ψ ∈ dom(A) ∩ dom(B).
Theorem 2.6. Let H be a self-adjoint operator acting in Fb(H ), and let S be an
injective non-negative self-adjoint operator acting in H . Assume the following condi-
tions:
(i) There exist a dense subspace D1 ⊂ H such that Fb,fin(D1) ⊂ dom(H).
(ii) dom(H) ⊂ dom(dΓb(S)1/2) holds.
(iii) There exist a dense subspace D ⊂ dom(S) so that eitSD ⊂ D (t ∈ R) and that
F (f), F (Sf) ∈ dom(S−1/2) for all f ∈ D, where F is defined in (2.8).
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(iv) For all f ∈ D,
lim
ε→0
‖S−1/2F
((eiεS − 1
ε
− iS
)
f
)
‖ = 0.
(v) For all f ∈ D and Ψ,Φ ∈ dom(H),
〈Φ, [H,B(f)]wΨ〉 = −〈Φ, B(Sf)Ψ〉 , (2.13)
〈Φ, [H,B∗(f)]wΨ〉 = 〈Φ, B∗(Sf)Ψ〉 . (2.14)
Then
eitHφ(f)e−itH = φ(eitSf), t ∈ R, f ∈ D . (2.15)
In particular, UHU∗ = dΓb(S) + E for some E ∈ R.
Proof. Let f ∈ D . Since F (f) ∈ dom(S−1/2), we have
dom(H) ⊂ dom(dΓb(S)1/2) ⊂ dom(B(f)) ∩ dom(B∗(f)). (2.16)
Similarly, it follows from F (Sf) ∈ dom(S−1/2) that
dom(H) ⊂ dom(dΓb(S)1/2) ⊂ dom(B(Sf)) ∩ dom(B∗(Sf)). (2.17)
Hence (2.13) and (2.14) are well-defined for any Ψ,Φ ∈ dom(H). Let Ψ,Φ ∈ dom(H)
and set ft := e
−itSf and Ψt := e
−itHΨ, Φt := e
−itHΦ. Then ft ∈ D and Ψt ∈ dom(H).
We show that the function
X(t) := 〈Φt, φ(ft)Ψt〉
is differentiable in t and
X ′(t) = i 〈Φt, [H, φ(ft)]wΨt〉 − 〈Φt, φ(iSft)Ψt〉 . (2.18)
We set ∆εΨ = ε
−1(Ψt+ε −Ψt) and ∆εf = ε−1(ft+ε − ft). Then
X(t+ ε)−X(t)
ε
= 〈∆εΦ, φ(ft+ε)Ψt+ε〉+ 〈φ(∆εf)Φt,Ψt+ε〉+ 〈φ(ft)Φt,∆εΨ〉 .
Since Ψt ∈ dom(H), we have that ∆εΨ→ −iHΨt, strongly. Thus
lim
ε→0
〈φ(ft)Φt,∆εΨ〉 = 〈φ(ft)Φt,−iHΨt〉 . (2.19)
We use the following standard estimate
‖φ(f)Ψ‖ ≤ 2‖S−1/2F (f)‖‖dΓb(S)1/2Ψ‖+ ‖F (f)‖‖Ψ‖, f ∈ dom(S−1/2). (2.20)
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By condition (ii) and the closed graph theorem, there exist constants C1, C2 > 0 such
that
‖dΓb(S)1/2Ψ‖ ≤ C1‖HΨ‖+ C2‖Ψ‖, Ψ ∈ dom(H). (2.21)
By using (2.20) and (2.21), we have
‖φ(ft+ε)Ψt+ε − φ(ft)Ψt‖
≤ ‖φ(ft+ε − ft)Ψt+ε‖+ ‖φ(ft)(Ψt+ε −Ψt)‖
≤ C‖S−1/2F (ft+ε − ft)‖(‖HΨt+ε‖+ ‖Ψt+ε‖) + C‖F (ft+ε − ft)‖‖Ψt+ε‖
+ C‖S−1/2F (ft)‖(‖H(Ψt+ε −Ψt)‖+ ‖Ψt+ε −Ψt‖) + C‖F (ft)‖‖Ψt+ε −Ψt‖
= C‖S−1/2F (ft+ε − ft)‖(‖HΨ‖+ ‖Ψ‖) + C‖F (ft+ε − ft)‖‖Ψ‖
+ C‖S−1/2F (ft)‖(‖H(Ψε −Ψ)‖+ ‖Ψε −Ψ‖) + C‖F (ft)‖‖Ψε −Ψ‖
for some C > 0. By condition (iv), ‖S−1/2F (ft+ε − ft)‖ goes to zero as ε → 0. Thus
we have ‖φ(ft+ε)Ψt+ε − φ(ft)Ψt‖ → 0 (ε→ 0), and hence
lim
ε→0
〈∆εΦ, φ(ft+ε)Ψt+ε〉 = 〈−iHΦt, φ(ft)Ψt〉 . (2.22)
By condition (iii), we have S−1/2F (∆εf + iSft) → 0 (ε → 0). By noting this fact, we
can show that
lim
ε→0
〈φ(∆εf)Φt,Ψt+ε〉 = −〈φ(iSft)Φt,Ψt〉 = −〈Φt, φ(iSft)Ψt〉 (2.23)
Therefore, by combining (2.19), (2.22) and (2.23), we have that X(t) is differentiable
in t and (2.18) holds. By (2.13) and (2.14), we get
X ′(t) =
i√
2
〈Φt, [H,B(ft) +B∗(ft)]wΨt〉 − 1√
2
〈Φt, (B(iSft) +B∗(iSft))Ψt〉
=
i√
2
〈Φt, (B(−Sft) +B∗(Sft))Ψt〉 − 1√
2
〈Φt, (B(iSft) +B∗(iSft))Ψt〉
= 0
Thus, X(t) = X(0) for all t and hence〈
e−itHΦ, φ(e−itSf)e−itHΨ
〉
= 〈Φ, φ(f)Ψ〉
for all f ∈ D , Ψ,Φ ∈ dom(H), which implies
eitHφ(f)e−itH
∣∣∣
dom(H)
= φ(eitSf)
∣∣∣
dom(H)
. (2.24)
Since D1 is dense, φ(f) is essentially self-adjoint on Fb,fin(D1). Thus, by Fb,fin(D1) ⊂
dom(H), dom(H) is a core for φ(f) (f ∈ D). Therefore, by taking the closure of (2.24),
we get (2.15). The relation (2.15) and Theorem 2.4 imply that UHU∗ = dΓb(S) + E
for some E ∈ R.
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3 Construction of Proper Bogoliubov Transforma-
tions
In this section, we construct proper Bogoliubov transformations that will be used to
diagonalize the Hamiltonians of the pair interaction models in Section 5. For this, we
construct a pair of operators (X, Y ) ∈ Sp2 from two non-negative self-adjoint operators
S and T .
For self-adjoint operators A,B, we write A ≤ B if dom(B) ⊂ dom(A) and 〈f, Af〉 ≤
〈f, Bf〉 holds for all f ∈ dom(B). Let us introduce conditions for S and T as follows:
(A1) S, T are injective non-negative self-adjoint operators acting in H .
(A2) There are positive constants c1 > 0, c2 > 0 such that c
2
1S
2 ≤ T 2 ≤ c22S2.
(A3)
(
ST−1
)∗ (
ST−1
)
− 1 is of trace class.
(A4) SJ = JS and TJ = JT for some conjugation operator J on H .
We first recall the Heinz inequality. Let S, T be non-negative self-adjoint operators
acting in H . We write S  T if dom(T 1/2) ⊂ dom(S1/2) and ‖S1/2f‖ ≤ ‖T 1/2f‖ hold
for all f ∈ dom(T 1/2). By a simple limiting argument, S ≤ T implies S  T . But the
converse is not true. The Heinz inequality asserts that if S  T then Sp  T p for any
0 < p ≤ 1. In addition, if S, T are injective, then S  T implies T−1  S−1. For proofs,
see e.g., [15, Proposition 10.14] and [15, Corollary 10.12].
Lemma 3.1. Assume (A1) and (A2). Then for any 0 < p ≤ 1, the following statements
hold.
(1) dom(Sp) = dom(T p) and dom(S−p) = dom(T−p),
(2) dom(T pS−p) = dom(S−p), T pS−p is bounded, and cp1 ≤ ‖T pS−p‖ ≤ cp2,
(3) dom(T−pSp) = dom(Sp), T−pSp is bounded, and c−p2 ≤ ‖T−pSp‖ ≤ c−p1 ,
(4) dom(SpT−p) = dom(T−p), SpT−p is bounded, and SpT−p = (T−pSp)
∗
,
(5) dom(S−pT p) = dom(T p), S−pT p is bounded, and S−pT p = (T pS−p)
∗
.
Proof. By assumption, we have c21S
2  T 2  c22S2. The Heinz inequality implies that
c2p1 S
2p  T 2p  c2p2 S2p, whence dom(Sp) = dom(T p) and cp1‖Spf‖ ≤ ‖T pf‖ ≤ cp2‖Spf‖
for all f ∈ dom(Sp). If h ∈ dom(S−p), then S−ph ∈ dom(Sp), and thus we get
cp1‖h‖ ≤ ‖T pS−ph‖ ≤ cp2‖h‖. This shows that (2) holds.
On the other hand, c21S
2  T 2  c22S2 implies that c−22 S−2  T−2  c−21 S−2. It fol-
lows from the Heinz inequality that c−2p2 S
−2p  T−2p  c−2p1 S−2p, whence dom(S−p) =
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dom(T−p) and c−p2 ‖S−pf‖ ≤ ‖T−pf‖ ≤ c−p1 ‖S−pf‖ for all f ∈ dom(S−p). In partic-
ular, (1) holds. If h ∈ dom(Sp), then Sph ∈ dom(S−p), and thus we get c−p2 ‖h‖ ≤
‖T−pSph‖ ≤ c−p1 ‖h‖. This shows that (3) holds.
To see (4), take any f ∈ dom(T−p). Then for any h ∈ dom(Sp), we obtain
〈Sph, T−pf〉 = 〈T−pSph, f〉 = 〈h, (T−pSp)∗ f〉,
which means that T−pf ∈ dom(Sp) and that SpT−pf = (T−pSp)∗f . Therefore (4)
holds. The same argument shows (5). This completes the proof.
Lemma 3.2. Assume (A1) and (A2). Then the domains of T−1/2S1/2, T 1/2S−1/2,
S−1/2T 1/2, S1/2T−1/2 contain dom(S1/2) ∩ dom(S−1/2), and they leave dom(S1/2) ∩
dom(S−1/2) invariant.
Proof. By Lemma 3.1, dom(S1/2) ∩ dom(S−1/2) = dom(T 1/2) ∩ dom(T−1/2) holds.
Hence the domains of T−1/2S1/2, T 1/2S−1/2, S−1/2T 1/2, S1/2T−1/2 contain dom(S1/2) ∩
dom(S−1/2). Let f ∈ dom(S1/2) ∩ dom(S−1/2). Then T−1/2S1/2f ∈ dom(T 1/2) =
dom(S1/2). Moreover, since S1/2f ∈ dom(S−1) = dom(T−1), we get T−1/2S1/2f ∈
dom(T−1/2) = dom(S−1/2). Thus T−1/2S1/2 leaves dom(S1/2) ∩ dom(S−1/2) invari-
ant. Similar arguments show that T 1/2S−1/2, S−1/2T 1/2, S1/2T−1/2 leave dom(S1/2) ∩
dom(S−1/2) invariant.
Lemma 3.3. Assume (A1) and (A2). Define operators X, Y ∈ B(H ) by
X :=
1
2
(
T−1/2S1/2 + T 1/2S−1/2
)
, Y :=
1
2
(
T−1/2S1/2 − T 1/2S−1/2
)
. (3.1)
Then
X∗ =
1
2
(
S1/2T−1/2 + S−1/2T 1/2
)
, Y ∗ =
1
2
(
S1/2T−1/2 − S−1/2T 1/2
)
.
In particular, X, Y,X∗, Y ∗ leave dom(S1/2)∩dom(S−1/2) invariant. Moreover they obey
the following equalities:
X∗X − Y ∗Y = 1, X∗Y − Y ∗X = 0,
XX∗ − Y Y ∗ = 1, −XY ∗ + Y X∗ = 0.
Proof. The first part of the lemma follows from Lemma 3.1 (4) and (5). The invariance
of dom(S1/2) ∩ dom(S−1/2) under the actions of X, Y,X∗, Y ∗ follows from Lemma 3.2.
We next show that X∗X − Y ∗Y = 1. Let f ∈ dom(S1/2) ∩ dom(S−1/2). Thanks to
Lemma 3.2, we have
(X∗X − Y ∗Y )f = 1
4
(
S1/2T−1S1/2f + f + f + S−1/2TS−1/2f
)
− 1
4
(
S1/2T−1S1/2f − f − f + S−1/2TS−1/2f
)
= f.
By a limiting argument, X∗X − Y ∗Y = 1 holds. The other three equalities can be
proved similarly.
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Lemma 3.4. Assume (A1)–(A3). Let X, Y be defined in Lemma 3.3. Then Y is
Hilbert-Schmidt.
Proof. Let {fm}m be an orthonormal basis of H consisting of vectors in dom(S1/2) ∩
dom(S−1/2). By Lemma 3.2 and Lemma 3.3, we have
4〈fm, Y ∗Y fm〉 = 〈fm, S1/2(T−1 − S−1)S1/2fm〉+ 〈fm, S−1/2(T − S)S−1/2fm〉.
To prove that Y is Hilbert-Schmidt, it is sufficient to show that∑
m
| 〈fm, S1/2(T−1 − S−1)S1/2fm〉∣∣+∑
m
∣∣〈fm, S−1/2(T − S)S−1/2fm〉∣∣ <∞.
We shall estimate the first term and the second term separately. Take an orthonormal
basis {en}n of H and a sequence {λn}n of real numbers so that(
ST−1
)∗ (
ST−1
)
− 1 =
∑
n
λn|en〉〈en|.
Step 1. It follows that
〈h, (T 2 + t2)−1h− (S2 + t2)−1h〉 =
∑
n
λn〈h, T (T 2 + t2)−1en〉〈S(S2 + t2)−1S−1Ten, h〉
for all h ∈ H and t ∈ R>0. To see this, note that
(T 2 + t2)−1h = (T 2 + t2)−1(S2 + t2)(S2 + t2)−1h,
and that
(S2 + t2)−1h = (T 2 + t2)−1(T 2 + t2)(S2 + t2)−1h,
where the second equality follows from the fact that dom(S2) = dom(T 2). Hence
(T 2 + t2)−1h− (S2 + t2)−1h = (T 2 + t2)−1(S2 − T 2)(S2 + t2)−1h.
On the other hand, since
T (S2 + t2)−1h ∈ dom(T ) ∩ dom(T−1)
⊂ dom(T 1/2) ∩ dom(T−1/2) = dom(S1/2) ∩ dom(S−1/2),
it follows from Lemma 3.1 (4) and Lemma 3.2 that{(
ST−1
)∗ (
ST−1
)
− 1
}
· T (S2 + t2)−1h = (T−1S2 − T )(S2 + t2)−1h ∈ dom(T ),
and thus we obtain
T (T 2 + t2)−1 ·
{(
ST−1
)∗ (
ST−1
)
− 1
}
· T (S2 + t2)−1h
= (T 2 + t2)−1T ·
{(
ST−1
)∗ (
ST−1
)
− 1
}
· T (S2 + t2)−1h
= (T 2 + t2)−1(S2 − T 2)(S2 + t2)−1h.
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Therefore we get
〈h, (T 2 + t2)−1h− (S2 + t2)−1h〉
=
〈
h, T (T 2 + t2)−1 ·
{(
ST−1
)∗ (
ST−1
)
− 1
}
· T (S2 + t2)−1h
〉
=
∑
n
λn〈h, T (T 2 + t2)−1en〉〈en, T (S2 + t2)−1h〉
=
∑
n
λn〈h, T (T 2 + t2)−1en〉〈S(S2 + t2)−1S−1Ten, h〉.
This completes the proof of Step 1.
Step 2. It follows that
∑
m |
〈
fm, S
1/2(T−1 − S−1)S1/2fm〉
∣∣ <∞.
Indeed, by Step 1 and the formula T−1 = (2/π)
∫
R>0
(T 2 + t2)−1 dt, we have
〈fm, S1/2(T−1 − S−1)S1/2fm〉 = 〈S1/2fm, (T−1 − S−1)S1/2fm〉
=
2
π
∫
R>0
〈S1/2fm, (T 2 + t2)−1S1/2fm − (S2 + t2)−1S1/2fm〉 dt
=
2
π
∫
R>0
∑
n
λn〈S1/2fm, T (T 2 + t2)−1en〉〈S(S2 + t2)−1S−1Ten, S1/2fm〉 dt,
and hence∑
m
|〈fm, S1/2(T−1 − S−1)S1/2fm〉|
≤ 2
π
(∑
m
∫
R>0
∑
n
|λn| ·
∣∣〈S1/2fm, T (T 2 + t2)−1en〉∣∣2 dt
)1/2
×
(∑
m
∫
R>0
∑
n
|λn| ·
∣∣∣〈S(S2 + t2)−1S−1Ten, S1/2fm〉∣∣∣2 dt
)1/2
=
2
π
(∫
R>0
∑
n
|λn| ·
∥∥S1/2T−1/2 · T 3/2(T 2 + t2)−1en∥∥2 dt
)1/2
×
(∫
R>0
∑
n
|λn| ·
∥∥∥S3/2(S2 + t2)−1 · S−1Ten∥∥∥2 dt
)1/2
.
Let T =
∫
R>0
λ dET (λ) be the spectral resolution of T . Observe that for any h ∈ H ,∫
R>0
∥∥T 3/2(T 2 + t2)−1h∥∥2 dt = ∫
R>0
∫
R>0
λ3
(λ2 + t2)2
d‖ET (λ)h‖2 dt
=
∫
R>0
∫
R>0
λ3
(λ2 + t2)2
dt d‖ET (λ)h‖2
=
π
4
‖h‖2.
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Similarly, ∫
R>0
∥∥S3/2(S2 + t2)−1h∥∥2 dt = π
4
‖h‖2, h ∈ H .
Therefore,∑
m
∣∣〈fm, S1/2(T−1 − S−1)S1/2fm〉∣∣ ≤ 1
2
‖S1/2T−1/2‖ · ‖S−1T‖
∑
n
|λn| <∞.
This completes the proof of Step 2.
Step 3. It follows that
∑
m |
〈
fm, S
−1/2(T − S)S−1/2fm〉
∣∣ <∞.
To see this, note that for each h ∈ H , we have
T 2(T 2 + t2)−1h = h− t2(T 2 + t2)−1h,
and
S2(S2 + t2)−1h = h− t2(S2 + t2)−1h,
whence
T 2(T 2 + t2)−1h− S2(S2 + t2)−1h = −t2 {(T 2 + t2)−1h− (S2 + t2)−1h} .
By Step 1 and the formula T = (2/π)
∫
R>0
T 2(T 2 + t2)−1 dt, we get
〈fm, S−1/2(T − S)S−1/2fm〉 = 〈S−1/2fm, (T − S)S−1/2fm〉
=
2
π
∫
R>0
〈S−1/2fm, T 2(T 2 + t2)−1S−1/2fm − S2(S2 + t2)−1S−1/2fm〉 dt
= −2
π
∫
R>0
〈S−1/2fm, (T 2 + t2)−1S−1/2fm − (S2 + t2)−1S−1/2fm〉t2 dt
= −2
π
∫
R>0
∑
n
λn〈S−1/2fm, T (T 2 + t2)−1en〉〈S(S2 + t2)−1S−1Ten, S−1/2fm〉t2 dt,
and hence∑
m
∣∣ 〈fm, S−1/2(T − S)S−1/2fm〉 ∣∣
≤ 2
π
(∑
m
∫
R>0
∑
n
|λn| ·
∣∣〈S−1/2fm, T (T 2 + t2)−1en〉∣∣2 t2 dt
)1/2
×
(∑
m
∫
R>0
∑
n
|λn| ·
∣∣∣〈S(S2 + t2)−1S−1Ten, S−1/2fm〉∣∣∣2 t2 dt
)1/2
=
2
π
(∫
R>0
∑
n
|λn| ·
∥∥S−1/2T 1/2 · T 1/2(T 2 + t2)−1en∥∥2 t2 dt
)1/2
×
(∫
R>0
∑
n
|λn| ·
∥∥∥S1/2(S2 + t2)−1 · S−1Ten∥∥∥2 t2 dt
)1/2
.
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Observe that for any h ∈ H ,∫
R>0
∥∥T 1/2(T 2 + t2)−1h∥∥2 t2 dt = ∫
R>0
∫
R>0
t2λ
(λ2 + t2)2
d‖ET (λ)h‖2 dt
=
∫
R>0
∫
R>0
t2λ
(λ2 + t2)2
dt d‖ET (λ)h‖2
=
π
4
‖h‖2.
Similarly, ∫
R>0
∥∥S1/2(S2 + t2)−1h∥∥2 t2 dt = π
4
‖h‖2, h ∈ H .
Therefore,
∑
m
∣∣〈fm, S−1/2(T − S)S−1/2fm〉∣∣ ≤ 1
2
‖S−1/2T 1/2‖ · ‖S−1T‖
∑
n
|λn| <∞,
whence Step 3 holds. This finishes the proof of Lemma 3.4.
Thus, by combining Lemma 3.3 and Lemma 3.4, we have the following result.
Theorem 3.5. Assume (A1)–(A4). Then the operators X and Y defined in Lemma
3.3 satisfy (X, Y ) ∈ Sp2.
4 Definition and Self-adjointness of Pair Interaction
Hamiltonians
In this section, we consider the Hamiltonian of the pair interaction model defined by
H := dΓb(T ) +
1
2
∞∑
n=1
λnΦS(gn)
2, (4.1)
and prove the self-adjointness. To make the definition clear, we introduce the following
conditions.
(B1) T is an injective non-negative self-adjoint operator acting in H .
(B2) λn ∈ R and gn ∈ dom(T 1/2) ∩ dom(T−1/2) for all n ∈ N.
(B3)
∑∞
n=1 |λn| · ‖T−1/2gn‖2 <∞.
(B4)
∑∞
n=1 |λn| · ‖T 1/2gn‖2 <∞.
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(B5) For some ε > 0, the operator inequality
1 +
∞∑
n=1
λn |T−1/2gn〉 〈T−1/2gn| ≥ ε (4.2)
holds.
(B6) There exists a conjugation J on H such that
JTJ = T, Jgn = gn, n ∈ N.
Let us assume (B1)–(B4). We first remark that the second term of the left-hand
side in (4.2) is of trace class. In deed, the infinite sequence converges absolutely in the
trace norm because the trace norm of |T−1/2gn〉 〈T−1/2gn| is ‖T−1/2gn‖2. We next set
Dj :=
∞∑
n=1
|λn| · ‖T (j−2)/2gn‖2, j = 1, 2.
Then Dj <∞ holds for each j = 1, 2. Moreover, Lemma A.3 tells us that
1
2
∞∑
n=1
|λn| ·
∥∥ΦS(gn)2Ψ∥∥ ≤ D1‖dΓb(T )Ψ‖+D2‖Ψ‖ (4.3)
for all Ψ ∈ dom(dΓb(T )), and thus the Hamiltonian H defined in (4.1) is well-defined
on dom(dΓb(T )).
For the self-adjointness of H , the following is fundamental.
Proposition 4.1. Suppose (B1)–(B4) and D1 < 1. Then the Hamiltonian H is self-
adjoint on dom(dΓb(T )), bounded from below, and essentially self-adjoint on any core
of dΓb(T ).
Proof. By (4.3), we have∥∥∥1
2
∞∑
n=1
λnΦS(gn)
2Ψ
∥∥∥ ≤ D1‖dΓb(T )Ψ‖+D2‖Ψ‖, Ψ ∈ dom(dΓb(T )).
Thus the proposition follows from the Kato-Rellich theorem.
We next show the self-adjointness of H without the condition D1 < 1.
Lemma 4.2. Let R be an injective non-negative self-adjoint operator acting in H , and
let fn ∈ dom(R1/2) ∩ dom(R−1/2) for all n ∈ N. Then, for any c > 0 and N ∈ N, the
inequality
‖dΓb(R)Ψ‖2 + ‖c
N∑
n=1
ΦS(fn)
2Ψ‖2
≤ ∥∥(dΓb(R) + c N∑
n=1
ΦS(fn)
2
)
Ψ
∥∥2 + c N∑
n=1
‖R1/2fn‖2‖Ψ‖2 (4.4)
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holds for all Ψ ∈ dom(dΓb(R)). Moreover, dΓb(R) +
∑N
n=1ΦS(fn)
2 is self-adjoint on
dom(dΓb(R)), and essentially self-adjoint on any core of dΓb(R).
Proof. Set HI :=
∑N
n=1ΦS(fn)
2. Note that (4.4) is equivalent to
−2Re 〈dΓb(R)Ψ, HIΨ〉 ≤
N∑
n=1
‖R1/2fn‖2‖Ψ‖2. (4.5)
One can show that (see [12, Proposition 3.4])
− 2Re 〈dΓb(R)Ψ,ΦS(fn)2Ψ〉 = −2‖dΓb(R)1/2ΦS(fn)Ψ‖2 + ‖R1/2fn‖2‖Ψ‖2. (4.6)
Thus, by taking a sum over n, we get (4.5), and so (4.4) holds.
We next show the self-adjointness. Let Hk := dΓb(R) + (2/3)
kHI for each k ∈ N.
By the same estimate with the proof of Proposition 4.1, one can find a sufficiently large
k ∈ N so that Hk is self-adjoint on dom(dΓb(R)) and essentially self-adjoint on any core
of dΓb(R). Letting c = (2/3)
k in (4.4), we obtain∥∥∥∥∥12 ·
(
2
3
)k
HIΨ
∥∥∥∥∥
2
≤ 1
4
∥∥HkΨ∥∥2 + 1
4
·
(
2
3
)k N∑
n=1
‖R1/2fn‖2‖Ψ‖2
for all Ψ ∈ dom(dΓb(R)). Thus the Kato-Rellich theorem implies that
Hk +
1
2
·
(
2
3
)k
HI = Hk−1
is self-adjoint on dom(dΓb(R)) and essentially self-adjoint on any core of dΓb(R). Re-
peating this argument k times, we get the desired result.
Theorem 4.3. Suppose (B1)–(B6). Then H is self-adjoint on dom(dΓb(T )), bounded
from below, and essentially self-adjoint on any core of dΓb(T ).
Proof. Let 0 < ε < 1 be as stated in (B5). By (B3), we can take a sufficiently large
number N ∈ N so that
∞∑
n=N+1
|λn| · ‖T−1/2gn‖2 < ε
4
. (4.7)
Fix such an N . It follows from (B5) that
ε ≤ 1 +
∞∑
n=1
λn |T−1/2gn〉 〈T−1/2gn| ≤ 1 +
N∑
n=1
λn |T−1/2gn〉 〈T−1/2gn|+ ε
4
,
and thus we get (
1− ε
2
)
+
N∑
n=1
λn |T−1/2gn〉 〈T−1/2gn| ≥ 0. (4.8)
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Let M := L.h.{T−1/2g1, · · · , T−1/2gN}, and letM := dimM . Applying Gram-Schmidt
to {T−1/2g1, · · · , T−1/2gN}, we obtain the orthogonal basis {ej}Mj=1 of M . We de-
note by PM the orthogonal projection onto M . Since PM is a linear combination of
|T−1/2gm〉 〈T−1/2gn| (m,n = 1, · · · , N), the operator T 1/2PMT 1/2 is well-defined on
dom(T 1/2) and bounded. We set
TM := T 1/2PMT 1/2 =
M∑
j=1
|T 1/2ej〉 〈T 1/2ej | , Tε := T −
(
1− ε
2
)
TM . (4.9)
Since TM is bounded self-adjoint, Tε is self-adjoint on dom(T ). Furthermore
0 ≤ TM ≤ T, ε
2
· T ≤ Tε ≤ T
hold. In particular, Tε is an injective non-negative self-adjoint operator. It follows from
Lemma 3.1 that
dom(T 1/2ε ) = dom(T
1/2), dom(T−1/2ε ) = dom(T
−1/2), (4.10)
and that T
−1/2
ε T 1/2 is bounded with
‖T−1/2ε T 1/2‖2 ≤
2
ε
. (4.11)
We first show the operator equality
dΓb(T ) = dΓb(Tε) + (1− ε/2)dΓb(TM ). (4.12)
Since M ⊂ dom(T ), we have ej ∈ dom(T ). Set Φj := ΦS(T 1/2ej) and Πj := ΦS(iT 1/2ej)
for each j = 1, · · · ,M . It holds that
dΓb(TM ) =
M∑
j=1
A∗(T 1/2ej)A(T
1/2ej)
=
1
2
M∑
j=1
(
Φ2j +Π
2
j
)− 1
2
M∑
j=1
‖T 1/2ej‖2 (4.13)
on Fb,fin(H ). Note that since T
1/2ej ∈ dom(T 1/2)∩ dom(T−1/2), it follows from (4.10)
that
T 1/2ej ∈ dom(T 1/2ε ) ∩ dom(T−1/2ε ). (4.14)
This together with Lemma A.3 implies that dom(dΓb(Tε)) ⊂ dom(Φ2j ) ∩ dom(Π2j),
whence for any Ψ ∈ Fb,fin(H ) and Ξ ∈ dom(dΓb(Tε)), we have
〈dΓb(TM )Ψ,Ξ〉 =
〈
Ψ,
[
1
2
M∑
j=1
(
Φ2j +Π
2
j
)− 1
2
M∑
j=1
‖T 1/2ej‖2
]
Ξ
〉
.
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Since Fb,fin(H ) is a core of dΓb(TM ), we get dom(dΓb(Tε)) ⊂ dom(dΓb(TM )), and
(4.13) holds on dom(dΓb(Tε)). By (4.14) and Lemma 4.2, the operator
dΓb(Tε) +
(
1− ε
2
)[1
2
M∑
j=1
(
Φ2j +Π
2
j
)− 1
2
M∑
j=1
‖T 1/2ej‖2
]
= dΓb(Tε) +
(
1− ε
2
)
dΓb(TM )
is self-adjoint on dom(dΓb(Tε)), and essentially self-adjoint on any core of dΓb(Tε).
Hence (4.12) holds by the following two facts. First, since dom(T ) = dom(Tε), the
subspace Fb,fin(dom(T )) is a core of both dΓb(T ) and dΓb(Tε). Second, (4.12) holds on
Fb,fin(dom(T )). This finishes the proof of (4.12).
We next show the self-adjointness of
Hfin := dΓb(T ) +
1
2
N∑
n=1
λnΦS(gn)
2 +
1
2
(
1− ε
2
) M∑
j=1
‖T 1/2ej‖2.
Note that, by construction and by (B6), ej is a real linear combination of the vectors
T−1/2g1, · · · , T−1/2gN . Thus, by (B6) again, we have Jej = ej , and 〈ej, T−1/2gn〉 ∈ R.
Then it holds that
N∑
n=1
λnΦS(gn)
2 =
N∑
n=1
λn
M∑
j,ℓ=1
〈
ej , T
−1/2gn
〉 〈
eℓ, T
−1/2gn
〉
ΦjΦℓ =
M∑
j,ℓ=1
GjℓΦjΦℓ
on Fb,fin(H ), where G :=
∑N
n=1 λn |T−1/2gn〉 〈T−1/2gn| and Gjℓ := 〈ej, Geℓ〉. This
together with (4.13) leads to the expression
(
1− ε
2
)
dΓb(TM ) +
1
2
N∑
n=1
λnΦS(gn)
2 +
1
2
(
1− ε
2
) M∑
j=1
‖T 1/2ej‖2
=
1
2
M∑
j,ℓ=1
[(
1− ε
2
)
δjℓ +Gjℓ
]
ΦjΦℓ +
1
2
(
1− ε
2
) M∑
j=1
Π2j (4.15)
on Fb,fin(H ), where δjℓ denotes the Kronecker delta. By (4.8), the matrix ((1 −
ε/2)δjℓ + Gjℓ)j,ℓ is a non-negative real symmetric matrix, so it can be diagonalized by
an orthogonal matrix. We write the right-hand side of (4.15) as
1
2
M∑
j,ℓ=1
[(
1− ε
2
)
δjℓ +Gjℓ
]
ΦjΦℓ +
1
2
(
1− ε
2
) M∑
j=1
Π2j =
2M∑
j=1
ΦS(fj)
2
on Fb,fin(H ), where fj is a linear combination of T
1/2e1, · · · , T 1/2eM . By (4.10) and
(4.14), all gn and fj are in dom(T
1/2
ε ) ∩ dom(T−1/2ε ), and hence(
1− ε
2
)
dΓb(TM ) +
1
2
N∑
n=1
λnΦS(gn)
2 +
1
2
(
1− ε
2
) M∑
j=1
‖T 1/2ej‖2 =
2M∑
j=1
ΦS(fj)
2
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holds on dom(dΓb(Tε)). Now Lemma 4.2 tells us that
dΓb(Tε) +
2M∑
j=1
ΦS(fj)
2
= dΓb(Tε) +
(
1− ε
2
)
dΓb(TM ) +
1
2
N∑
n=1
λnΦS(gn)
2 +
1
2
(
1− ε
2
) M∑
j=1
‖T 1/2ej‖2
= Hfin
is self-adjoint on dom(dΓb(Tε)) = dom(dΓb(T )) and bounded from below. Moreover
‖dΓb(Tε)Ψ‖2 ≤ ‖HfinΨ‖2 +
2M∑
j=1
‖T 1/2ε fj‖2‖Ψ‖2 (4.16)
holds for all Ψ ∈ dom(dΓb(Tε)).
Finally, we prove the self-adjointness of H . From (4.7), (4.11), (4.16) and Lemma
A.3, we have
1
2
∞∑
n=N+1
|λn| · ‖ΦS(gn)2Ψ‖
≤
∞∑
n=N+1
|λn| · ‖T−1/2ε gn‖2‖dΓb(Tε)Ψ‖+
∞∑
n=N+1
‖gn‖2‖Ψ‖
≤ 1
2
‖HfinΨ‖+

1
2
√√√√ 2M∑
j=1
‖T 1/2ε fj‖2 +
∞∑
n=N+1
‖gn‖2

 ‖Ψ‖
for all Ψ ∈ dom(dΓb(Tε)). Hence the Kato-Rellich theorem implies thatH is self-adjoint
on dom(dΓb(T )) and bounded from below. By (4.3), H is essentially self-adjoint on
any core of dΓb(T ). This completes the proof.
5 Diagonalization of Pair Interaction Models
In this section, we suppose (B1)–(B5) in the previous section. Let
W :=
∞∑
n=1
λn |T 1/2gn〉〈T 1/2gn| . (5.1)
Then W is of trace class. We consider the operator
hp := T
2 +W.
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Lemma 5.1. Suppose (B1)–(B5). Let ε > 0 be given in (B5). Then
c21hp ≤ T 2 ≤ c22hp
holds with c1 := (1 +D1)
−1/2 and c2 := ε
−1/2.
Proof. For v ∈ dom(T 2), we have
〈v, hpv〉 =
〈
v, T 2v
〉
+
〈
Tv, T−1WT−1Tv
〉
≤ 〈v, T 2v〉+ ∞∑
n=1
|λn|‖T−1/2gn‖2‖Tv‖2
= (1 +D1)
〈
v, T 2v
〉
,
which implies c21hp ≤ T 2. By (B5), we have T−1WT−1 ≥ ε− 1. Thus we have
〈v, hpv〉 ≥
〈
v, T 2v
〉
+ 〈Tv, (ε− 1)Tv〉 = 〈v, εT 2v〉 ,
which implies c22hp ≥ T 2.
Set
S := h1/2p =
(
T 2 +
∞∑
n=1
λn |T 1/2gn〉〈T 1/2gn|
)1/2
. (5.2)
Lemma 5.2. Suppose (B1)–(B6). Then S and T satisfy conditions (A1)–(A4) in
Section 3. In particular, the bounded operators X and Y defined in Lemma 3.3 satisfy
(X, Y ) ∈ Sp2.
Proof. The assumption on T and Lemma 5.1 lead to (A1) and (A2). (B6) implies (A4).
Thus it is enough to check (A3). Set L :=
(
ST−1
)∗ (
ST−1
)
− 1. It follows that
L ⊃ T−1S2T−1 − 1 = T−1(T 2 +W )T−1 − 1 = T−1WT−1∣∣
dom(T )∩dom(T−1)
.
The closure of the right-hand side is of trace class, and thus so is L. Hence (A3) holds.
Therefore, by using Theorem 3.5, (X, Y ) ∈ Sp2 follows.
The following is one of the main theorems in this paper.
Theorem 5.3. Suppose (B1)–(B6). Let H be the Hamiltonian defined in (4.1). Let
(X, Y ) ∈ Sp2 be the operators defined in Lemma 5.2, and let U be the corresponding
Bogoliubov transformation so that (2.5) holds. Then
UHU∗ = dΓb(S) + E (5.3)
for some E ∈ R. More explicitly,
UHU∗ = dΓb
((
T 2 +
∞∑
n=1
λn |T 1/2gn〉〈T 1/2gn|
)1/2)
+ E.
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Remark 5.4. Let H := L2(Rd, dx) and T :=
√−∆+m2, where m ≥ 0 is a constant.
Under the conditions (B1)–(B6), Theorem 5.3 gives a unitary equivalence
UHU∗ = dΓb


√√√√−∆+m2 + ∞∑
n=1
λn|T 1/2gn〉〈T 1/2gn|

+ E.
Thus, in this case, the Hamiltonian H is essentially described by a trace class pertur-
bation of the free Schro¨dinger operator.
The proof of Theorem 5.3 will be completed at the end of this section. The following
is the key lemma for computing the Bogoliubov transformation.
Lemma 5.5. Suppose (B1)–(B6). Then, X dom(T ) ⊂ dom(T ), Y dom(T ) ⊂ dom(T )
and the equations
TX = XS − 1
2
W0(X − Y ),
TY = −Y S + 1
2
W0(X − Y )
hold on dom(T ), where W0 is a bounded operator defined by
W0 := T−1/2WT−1/2 =
∞∑
n=1
λn |gn〉〈gn| , (5.4)
Proof. From (B3) and (B4), the boundedness of W0 follows. Note that dom(T
2) =
dom(S2) and dom(T p) = dom(Sp) for all |p| ≤ 1 (Lemma 3.1 (1)). For v ∈ dom(S1/2)∩
dom(S−1/2), we have S−1/2v ∈ dom(S) = dom(T ). We also note thatXv ∈ dom(T 1/2)∩
dom(T−1/2) by Lemma 3.3. For all u ∈ dom(T 2) ∩ dom(T−1/2) and v ∈ dom(T ) ∩
dom(T−1/2), we have
2 〈Tu,Xv〉 = 〈Tu, (T−1/2S1/2 + T 1/2S−1/2)v〉
=
〈
T 1/2u, S1/2v
〉
+
〈
T 2T−1/2u, S−1/2v
〉
=
〈
T 1/2u, S1/2v
〉
+
〈
(S2 −W )T−1/2u, S−1/2v〉
=
〈
u, T 1/2S−1/2Sv
〉
+
〈
S1/2T−1/2u, Sv
〉− 〈WT−1/2u, S−1/2v〉
=
〈
u,
(
T 1/2S−1/2 + T−1/2S1/2
)
Sv
〉
− 〈WT−1/2u, S−1/2v〉
= 〈u, 2XSv〉 − 〈u,W0T 1/2S−1/2v〉
= 〈u, 2XSv〉 − 〈u,W0(X − Y )v〉 .
Since dom(T 2) ∩ dom(T−1/2) is a core for T , we have Xv ∈ dom(T ) and
TXv = XSv − 1
2
W0(X − Y )v. (5.5)
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For any v ∈ dom(T ), there exist vn ∈ dom(T ) ∩ dom(T−1/2) such that vn → v and
Tvn → Tv as n → ∞. Then Svn → Sv and hence Xvn is Cauchy by (5.5). Thus
Xvn → Xv ∈ dom(T ) and (5.5) holds for all v ∈ dom(T ). Similarly, we have that
Y v ∈ dom(T ) and TY v = −Y Sv + (1/2)W0(X − Y ) hold.
Proof of Theorem 5.3. In order to prove Theorem 5.3, we apply Theorem 2.6 to H . It
is enough to check the conditions (i)–(v). We set
D1 := dom(T ).
Then D1 is dense, and since dom(H) = dom(dΓb(T )) by Theorem 4.3, dom(H) contains
Fb,fin(dom(T )). Thus (i) holds.
Note that Lemma 5.1 leads to c21S
2  T 2  c22S2, and hence c21
(
S(n)
)2  (T (n))2 
c22
(
S(n)
)2
, where S(n) is defined in (2.9). This fact implies that dom(dΓb(T )) =
dom(dΓb(S)), and thus dom(H) ⊂ dom(dΓb(S)1/2). Therefore (ii) holds.
Next we show that (iii) holds with
D := dom(S2) ∩ dom(S−1/2).
Clearly, D ⊂ dom(S) and eitSD = D for all t ∈ R. For all f ∈ D we have
f, Sf ∈ dom(S1/2)∩dom(S−1/2). Since F (f) = Xf +JY f and X, Y leave dom(S1/2)∩
dom(S−1/2) invariant (Lemma 3.3), we have that F (f), F (Sf) ∈ dom(S−1/2). Thus
(iii) follows.
Next we show (iv). For f ∈ D , we have
‖S−1/2X(ε−1(eiεS − 1)− iS)f‖ ≤ ‖S−1/2XS1/2‖ · ‖(ε−1(eiεS − 1)− iS)S−1/2f‖.
Since S−1/2f ∈ dom(S), the right-hand side converges to zero as ε → 0. Similarly, we
have
‖S−1/2JY (ε−1(eiεS − 1)− iS)f‖ ≤ ‖S−1/2Y S1/2‖ · ‖(ε−1(eiεS − 1)− iS)S−1/2f‖
→ 0 (ε→ 0).
Hence (iv) holds.
Finally we show the last condition (v). Let f ∈ D . By Lemma 5.5, we obtain
B(f)Ψ, B∗(f)Ψ ∈ Fb,fin(dom(T )) ⊂ dom(H)
for all Ψ ∈ Fb,fin(dom(T 2)). Keeping this in mind, we first show that
〈Φ, [H,B(f)]Ψ〉 = 〈Φ,−B(Sf)Ψ〉, Φ,Ψ ∈ Fb,fin(dom(T 2)).
We have
[dΓb(T ), B(f)] = [dΓb(T ), A(Xf) + A
∗(JY f)] = A(−TXf) + A∗(TJY f)
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on Fb,fin(dom(T
2)). By using Lemma 5.5, we get
A(−TXf) = −A(XSf) + 1
2
A(W0(X − Y )f),
A∗(TJY f) = A∗(TY Jf) = −A∗(Y SJf) + 1
2
A∗(W0(X − Y )Jf).
Hence
[dΓb(T ), B(f)] = −B(Sf) + 1
2
A(W0(X − Y )f) + 1
2
A∗(W0(X − Y )Jf)
holds on Fb,fin(dom(T
2)). On the other hand, it holds that
1
2
∞∑
n=1
λn[ΦS(gn)
2, B(f)]
=
1
2
∞∑
n=1
λn[ΦS(gn)
2, A(Xf) + A∗(JY f)]
=
√
2
2
∞∑
n=1
λn
(
− 〈Xf, gn〉ΦS(gn) + 〈gn, JY f〉ΦS(gn)
)
=
√
2
2
∞∑
n=1
λn
(
− 〈Xf, gn〉ΦS(gn) + 〈Y f, Jgn〉ΦS(gn)
)
= −1
2
∞∑
n=1
λn 〈(X − Y )f, gn〉 (A(gn) + A∗(gn))
= −1
2
∞∑
n=1
λn
(
A(〈gn, (X − Y )f〉 gn) + A∗(〈gn, (X − Y )Jf〉 gn)
)
= −1
2
A(W0(X − Y )f)− 1
2
A∗(W0(X − Y )Jf)
on Fb,fin(dom(T
2)). Thus, we have
〈Φ, [H,B(f)]Ψ〉 = −〈Φ, B(Sf)Ψ〉 , Φ,Ψ ∈ Fb,fin(dom(T 2)).
By taking the complex conjugation, we get
〈Φ, [H,B∗(f)]Ψ〉 = 〈Φ, B∗(Sf)Ψ〉 , Φ,Ψ ∈ Fb,fin(dom(T 2)).
Simple limiting arguments, together with (2.16), (2.17) and the closed graph theorem,
implies (v). Now we have checked all conditions (i)–(v) in Theorem 2.6. As a conse-
quence of Theorem 2.6, the unitarily equivalence (5.3) is established.
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6 Ground State Energy
In this section, we give an explicit expression for the ground state energy of H .
Theorem 6.1. Assume (B1)–(B6). Let H and S be Hamiltonians defined by (4.1) and
(5.2), respectively. Then, S − T is of trace class, and the ground state energy E of H
has the form
E =
1
2
tr(S − T ). (6.1)
We prepare the next lemma.
Lemma 6.2. Assume (B1)–(B6). For p, q with −1/2 ≤ p, q ≤ 1/2, the operator
T p(S − T )T q is bounded and T p(S − T )T q is of trace class.
Proof. We show the lemma only for the case −1/2 ≤ q ≤ 0 ≤ p ≤ 1/2. The proofs of
the other cases are similar. By Lemma 3.1, for u ∈ dom(T 2)∩dom(T−1/2), the operation
T p(S − T )T qu is well-defined. By the same estimate as in the proof of Lemma 3.4, we
have, for u, v ∈ dom(T 2) ∩ dom(T−1/2), that
| 〈u, T p(S − T )T qv〉 |
≤ 2
π
∫ ∞
0
∣∣ 〈u, T p((T 2 + t2)−1 − (S2 + t2)−1)T qv〉 ∣∣t2dt
=
2
π
∫ ∞
0
∣∣ 〈u, T p(T 2 + t2)−1W (S2 + t2)−1T qv〉 ∣∣t2dt
=
2
π
∫ ∞
0
∣∣ 〈T 1/2(T 2 + t2)−1u, T p−1/2WSq−1/2S1/2(S2 + t2)−1S−qT qv〉 ∣∣t2dt
≤ 2
π
‖T p−1/2WSq−1/2‖
∫ ∞
0
‖T 1/2(T 2 + t2)−1u‖‖S1/2(S2 + t2)−1S−qT qv‖t2dt
≤ 1
2
‖T p−1/2WSq−1/2‖‖u‖‖S−qT q‖‖v‖,
where we have used the fact that
∫∞
0
‖T 1/2(T 2 + t2)−1u‖2t2dt = (π/4)‖u‖2. We note
that S−qT q is bounded by Lemma 3.1. By conditions (B3) and (B4), we have
‖T p−1/2WSq−1/2‖ ≤ ‖T p−1/2WT q−1/2‖‖T 1/2−qSq−1/2‖
≤ ‖T 1/2−qSq−1/2‖
∞∑
n=1
|λn|‖T pgn‖‖T qgn‖ <∞,
where we have used the condition 0 ≤ 1/2− q ≤ 1 and Lemma 3.1. Thus T p(S − T )T q
is a bounded operator. Next, we show that its closure is of trace class. By a limiting
argument, one has〈
u, T p(S − T )T qv
〉
=
2
π
∫ ∞
0
〈
u, (T 2 + t2)−1T pWSq(S2 + t2)−1S−qT qv
〉
t2dt, (6.2)
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for all u, v ∈ H . Let {en}n, {fn}n be orthonormal bases. In order to prove the trace
property, it is enough to show that∑
n
∣∣∣ 〈en, T p(S − T )T qfn〉 ∣∣∣ ≤ C (6.3)
with some constant C independent of {en}n and {fn}n (see [16, Proposition 3.6.5]). By
(6.2) and the definition of W , we have
∑
n
∣∣∣ 〈en, T p(S − T )T qfn〉 ∣∣∣
≤ 2
π
∑
m
|λm|
∫ ∞
0
∑
n
∣∣∣ 〈en, T p(T 2 + t2)−1T 1/2gm〉〈SqT 1/2gm, (S2 + t2)−1S−qT qfn〉 ∣∣∣t2dt
≤ 2
π
∑
m
|λm|
∫ ∞
0
‖T p+1/2(T 2 + t2)−1gm‖‖T qS−q‖‖(S2 + t2)−1SqT 1/2gm‖t2dt
≤ 2
π
‖T qS−q‖
∑
m
|λm|
(∫ ∞
0
‖T p+1/2(T 2 + t2)−1gm‖2t2dt
)1/2
×
(∫ ∞
0
‖(S2 + t2)−1SqT 1/2gm‖2t2dt
)1/2
=
2
π
‖T qS−q‖
∑
m
|λm|
(
π
4
‖T pgm‖2
)1/2(
π
4
‖Sq−1/2T 1/2gm‖2
)1/2
=
1
2
‖T qS−q‖‖Sq−1/2T 1/2−q‖
∑
m
|λm|‖T pgm‖‖T qgm‖ <∞.
Thus, (6.3) holds, which implies that T p(S − T )T q is of trace class.
Proof of Theorem 6.1. It follows from Proposition 2.5 that Y S1/2 is Hilbert-Schmidt
and that
E = 〈Ω, HΩ〉 − ‖Y S1/2‖2HS =
1
4
∞∑
n=1
λn‖gn‖2 − tr(Y SY ∗). (6.4)
Note that since Y ∗ dom(S) ⊂ dom(S) by Lemma 5.5, Y SY ∗ is densely defined, and
thus its closure is of trace class.
Next, we compute tr(Y SY ∗). Since dom(T k) = dom(Sk) (k = 1, 2), we have
Y SY ∗ =
1
4
(T−1/2S1/2 − T 1/2S−1/2)(S3/2T−1/2 − S1/2T 1/2)
=
1
4
(
T−1/2WT−1/2 + 2T − T−1/2ST 1/2 − T 1/2ST−1/2)
=
1
4
(
T−1/2WT−1/2 + T−1/2(T − S)T 1/2 + T 1/2(T − S)T−1/2)
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on dom(T 2) ∩ dom(T−1/2). Thus, by Lemma 6.2, we obtain
tr(Y SY ∗) =
1
4
tr(T−1/2WT−1/2) +
1
4
tr(T−1/2(T − S)T 1/2 + T 1/2(T − S)T−1/2).
=
1
4
tr(T−1/2WT−1/2)− 1
2
Re tr(T−1/2(S − T )T 1/2).
By the definition of W , we have
1
4
tr(T−1/2WT−1/2) =
1
4
∞∑
n=1
λn‖gn‖2.
Combining this fact with (6.4), we get
E =
1
2
Re tr(T−1/2(S − T )T 1/2).
By using Lemma 6.2, the range of (S − T )T 1/2 is contained in dom(T−1/2), and hence
T−1/2(S − T )T 1/2 = T−1/2(S − T )T 1/2. (6.5)
Since (S − T )T 1/2 is of trace class (Lemma 6.2), it has a canonical decomposition
(S − T )T 1/2 =
∑
m
µm |em〉 〈fm| ,
where µm > 0 and {em}m, {fm}m are orthonormal systems. Note that (S − T )T 1/2fm =
µmem and
(
(S − T )T 1/2)∗em = µmfm. In particular, it follows that ({em}m)⊥ ⊂
ker(T 1/2(S − T )) = ker(S − T ) and that ({fm}m)⊥ ⊂ ker((S − T )T 1/2). By (6.5),
we have em ∈ dom(T−1/2). Summing up the above arguments, we get
E =
1
2
Re
∑
m
〈
fm, T
−1/2(S − T )T 1/2fm
〉
=
1
2
Re
∑
m
〈
fm, T
−1/2µmem
〉
=
1
2
Re
∑
m
〈
µmfm, T
−1/2em
〉
=
1
2
Re
∑
m
〈(
(S − T )T 1/2)∗em, T−1/2em〉
=
1
2
Re
∑
m
〈
T 1/2(S − T )em, T−1/2em
〉
=
1
2
Re
∑
m
〈
(S − T )em, em
〉
=
1
2
tr(S − T ).
Therefore (6.1) holds.
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7 Examples
In this section, we apply our results to several concrete Hamiltonians. Before going
to examples, we recall some notations. Let L2(Rd) = L2(Rd, dx), where dx is the d-
dimensional Lebesgue measure. Put pj := −i∂/∂xj for each j = 1, · · · , d that acts in
L2(Rd). In the case of d = 1, we write p1 as p for notational simplicity. We identify
each Borel function on Rd with the corresponding multiplication operator on L2(Rd).
For two complex Hilbert spaces H ,K , we use the natural isomorphism Fb(H )⊗
Fb(K ) = Fb(H ⊕K ). For the details, see e.g., [5, Section 5.20].
7.1 The Single Pair Interaction Model
Let H be a separable complex Hilbert space, and let T be an injective non-negative
self-adjoint operator acting in H . The Hamiltonian H of the single pair interaction
model is defined as follows:
H := dΓb(T ) +
λ
2
ΦS(g)
2,
where λ ∈ R is a constant and g is a vector in dom(T 1/2) ∩ dom(T−1/2). Note that
H acts in Fb(H ). This Hamiltonian was mathematically studied by Asahara and
Funakawa [6]. We first note that H is of the form (4.1). We next check that H satisfies
the conditions (B1)–(B6). However, (B1)–(B4) are trivial, and (B6) is automatic by
the following lemma.
Lemma 7.1. Let A be a self-adjoint operator acting in a separable complex Hilbert
space K , and let h ∈ K be arbitrary. Then there exists a conjugation J on K such
that JAJ = A and that Jh = h.
Proof. There are a measure space (M,µ) and a unitary operator U : K → L2(M,µ)
such that UAU∗ is the multiplication operator by a real valued function on M . Define
a function v :M → C by
v(m) :=
{
(Uh)(m)/|(Uh)(m)|, if (Uh)(m) 6= 0,
1, if (Uh)(m) = 0,
m ∈M.
We denote by V , the multiplication operator by v. Note that V is a unitary operator
on L2(M,µ). Let J0 be a conjugation on L
2(M,µ) defined by
(J0F )(m) := F (m), F ∈ L2(M,µ), m ∈M.
Then J := U∗V J0V
∗U satisfies JAJ = A and Jh = h.
We now state the main result of this subsection.
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Theorem 7.2. The Hamiltonian H satisfies the condition (B5) if and only if
1 + λ‖T−1/2g‖2 > 0.
In this case, H is self-adjoint, and essentially self-adjoint on any core of dΓb(T ). Fur-
thermore, there exists a unitary operator U on Fb(H ) such that
UHU∗ = dΓb
(√
T 2 + λ|T 1/2g〉〈T 1/2g|
)
+ E
with
E =
1
2
tr
(√
T 2 + λ|T 1/2g〉〈T 1/2g| − T
)
.
Proof. We may assume that g 6= 0. If H satisfies (B5), then〈
T−1/2g,
(
1 + λ|T−1/2g〉〈T−1/2g|
)
T−1/2g
〉
≥ ε‖T−1/2g‖2,
which means that 1 + λ‖T−1/2g‖2 > 0.
Conversely, we assume that 1 + λ‖T−1/2g‖2 > 0. Take an arbitrary f ∈ H , and
write f as f = αT−1/2g + h with unique α ∈ C and h ∈ (CT−1/2g)⊥. Then〈
f,
(
1 + λ|T−1/2g〉〈T−1/2g|
)
f
〉
= ‖f‖2 + λα2‖T−1/2g‖4
= ‖αT−1/2g‖2 + ‖h‖2 + λα2‖T−1/2g‖4
= α2‖T−1/2g‖2(1 + λ‖T−1/2g‖2) + ‖h‖2,
whence 1+λ|T−1/2g〉〈T−1/2g| is non-negative and injective. This together with the fact
that λ|T−1/2g〉〈T−1/2g| is of finite rank implies (B5).
The rest of the theorem follows from Theorem 4.3, Theorem 5.3 and Theorem 6.1.
7.2 A Model of a Harmonic Oscillator Coupled to a Bose Field
Let H be a separable complex Hilbert space. We consider the following Hamiltonian
acting in L2(R)⊗Fb(H ):
H :=
1
2
(
p2 + ω2x2
)⊗ 1 + 1⊗ dΓb(T ) + λx⊗ ΦS(g),
where λ ∈ R, ω > 0 are constants, T is an injective non-negative self-adjoint operator
acting in H , and g 6= 0 is a non-zero vector in dom(T 1/2) ∩ dom(T−1/2). We set the
domain of H by
dom(H) := dom
(
p2⊗ 1) ∩ dom (x2⊗ 1) ∩ dom(1⊗ dΓb(T )). (7.1)
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Note that
dom (x⊗ΦS(g)) ⊃ dom(x2⊗ 1) ∩ dom(1⊗ΦS(g)2) ⊃ dom(H),
and hence H is well-defined on dom(H). The Hamiltonian H was investigated by Arai
[1].
Theorem 7.3. Suppose that |λ| < ω‖T−1/2g‖−1. Then H is self-adjoint, and essentially
self-adjoint on any core of
1
2
(
p2 + ω2x2
)⊗ 1 + 1⊗ dΓb(T ).
Furthermore, there exists a unitary operator U : L2(R, dx) ⊗Fb(H ) → Fb(C ⊕H )
such that
UHU∗ = dΓb
((
ω2 λ|1〉〈T 1/2g|
λ|T 1/2g〉〈1| T 2
)1/2)
+ E
with
E =
1
2
tr
((
ω2 λ|1〉〈T 1/2g|
λ|T 1/2g〉〈1| T 2
)1/2
−
(
ω 0
0 T
))
+
ω
2
.
Proof. Take an arbitrary z ∈ C, and we write it as z = a + ib with a, b ∈ R. Define a
self-adjoint operator ϕ(z) acting in L2(R) by
ϕ(z) := aω1/2x+ bω−1/2p.
We identify L2(R) with Fb(C) via the unique unitary operator u : L
2(R) → Fb(C)
such that
uϕ(z)u−1 = ΦS(z), z ∈ C
and that
u ·
(ω
π
)1/4
exp
(
−1
2
ωx2
)
= Ω.
Then we have
u
[
1
2
(
p2 + ω2x2
)]
u∗ = dΓb(ω) +
ω
2
, uxu∗ = ω−1/2ΦS(1).
Thus
(u⊗ 1)H(u⊗ 1)∗ = dΓb(ω)⊗ 1 + 1⊗ dΓb(T ) + ω−1/2λΦS(1)⊗ ΦS(g) + ω
2
.
We use the natural isomorphism Fb(C)⊗Fb(H ) = Fb(C⊕H ). Then
(u⊗ 1)H(u⊗ 1)∗ = dΓb(ω ⊕ T ) + ω−1/2λΦS(1, 0)ΦS(0, g) + ω
2
= dΓb(ω ⊕ T ) + ω
−1/2λ
4
{
ΦS(1, g)
2 − ΦS(1,−g)2
}
+
ω
2
=: H˜ +
ω
2
.
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Note that H˜ is of the form (4.1).
We have to check that H˜ satisfies the conditions (B1)–(B6). However, (B1)–(B4)
are obvious. (B6) follows from Lemma 7.1. Let us prove that H˜ satisfies (B5). For
this, it is sufficient to show that
K := 1 +
ω−1/2λ
2
∣∣(ω−1/2, T−1/2g)〉 〈(ω−1/2, T−1/2g)∣∣
− ω
−1/2λ
2
∣∣(ω−1/2,−T−1/2g)〉 〈(ω−1/2,−T−1/2g)∣∣
= 1 + ω−1λ
(
|(1, 0)〉 〈(0, T−1/2g)∣∣+ ∣∣(0, T−1/2g)〉 〈(1, 0)|)
is an injective non-negative self-adjoint operator because K − 1 is of finite rank. Let
K := C ⊕ CT−1/2g. Then K reduces K, and the restriction of K to K has the
representation matrix (
1 ω−1λ‖T−1/2g‖
ω−1λ‖T−1/2g‖ 1
)
with respect to the orthonormal basis
{
(1, 0), (0, T−1/2g/‖T−1/2g‖)}. All of its eigen-
values are positive if and only if 1 − ω−2λ2‖T−1/2g‖2 > 0. On the other hand, the
restriction of K to K ⊥ = {0} ⊕ (CT−1/2g)⊥ is the identity. Thus the kernel of K is
trivial. We conclude that K is non-negative and injective, and hence H˜ satisfies (B5).
Therefore H˜ satisfies the conditions (B1)–(B6). The theorem now follows from
Theorem 4.3, Theorem 5.3 and Theorem 6.1.
7.3 The Pauli-Fierz Model with x2-potentials in the Dipole
Approximation
Let H be a separable complex Hilbert space. We consider the following Hamiltonian
H acting in L2(Rd)⊗Fb(H ):
H :=
1
2
d∑
j=1
(
pj ⊗ 1 + 1⊗ ΦS(gj)
)2
+
1
2
d∑
j=1
ω2jx
2
j ⊗ 1 + 1⊗ dΓb(T ),
where ωj > 0 (j = 1, · · · , d) are constants, T is an injective non-negative self-adjoint
operator acting in H , and g1, · · · , gd are vectors in dom(T 1/2) ∩ dom(T−1/2). We set
the domain of H by
dom(H) := dom
(
d∑
j=1
p2j ⊗ 1
)
∩ dom
(
d∑
j=1
x2j ⊗ 1
)
∩ dom
(
1⊗dΓb(T )
)
. (7.2)
Note that
dom ((pj ⊗ 1)(1⊗ ΦS(gj))) ⊃ dom(p2j ⊗ 1) ∩ dom(1⊗ΦS(gj)2) ⊃ dom(H),
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and hence H is well-defined on dom(H). In particular, we have
H =
1
2
d∑
j=1
(p2j + ω
2
jx
2
j )⊗ 1 + 1⊗ dΓb(T )
+
1
2
d∑
j=1
1⊗ ΦS(gj)2 +
d∑
j=1
pj ⊗ ΦS(gj) (7.3)
as an operator equality. This Hamiltonian is an abstract version of the Pauli-Fierz
Hamiltonian with x2-potentials in the dipole approximation studied by Arai [2].
Theorem 7.4. Suppose that there exists a conjugation J on H such that
JTJ = T, Jgj = gj, j = 1, · · · , d.
Then H is self-adjoint, and essentially self-adjoint on any core of
1
2
d∑
j=1
(p2j + ω
2
jx
2
j)⊗ 1 + 1⊗ dΓb(T ).
Furthermore, there exists a unitary operator U : L2(Rd)⊗Fb(H )→ Fb(Cd⊕H ) such
that
UHU∗ = dΓb
(√
diag(ω21, · · · , ω2d)⊕ T 2 +W
)
+ E
with
E =
1
2
tr
(√
diag(ω21, · · · , ω2d)⊕ T 2 +W − diag(ω1, · · · , ωd)⊕ T
)
+
d∑
j=1
ωj
2
,
where W is a finite rank operator on Cd ⊕H defined by
W :=
d∑
j=1
(
0 ωj|ej〉〈T 1/2gj|
ωj|T 1/2gj〉〈ej | |T 1/2gj〉〈T 1/2gj|
)
,
and {ej}dj=1 is the standard basis of Cd.
Proof. Take an arbitrary z ∈ Cd, and we write it as z =∑dj=1(aj + ibj)ej with aj , bj ∈
R (j = 1, · · · , d). Define a self-adjoint operator ϕ(z) acting in L2(Rd) by
ϕ(z) :=
d∑
j=1
(
ajω
1/2
j xj + bjω
−1/2
j pj
)
, z ∈ Cd.
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Let u1 : L
2(Rd)→ Fb(Cd) be a unique unitary operator such that
u1ϕ(z)u
−1
1 = ΦS(z), z ∈ Cd
and that
u1 ·
(
d∏
j=1
ωj
π
)1/4
exp
(
−1
2
d∑
j=1
ωjx
2
j
)
= Ω.
Set
ω :=
d∑
j=1
ωj |ej〉〈ej| = diag(ω1, · · · , ωd), c :=
d∑
j=1
ωj
2
.
It follows that
u1
[
1
2
d∑
j=1
(
p2j + ω
2
jx
2
j
)]
u∗1 = dΓb(ω) + c, u1pju
∗
1 = ω
1/2
j ΦS(iej)
for all j = 1, · · · , d. Letting u2 := Γb(−i) := ⊕∞n=0 ⊗n (−i) with ⊗0(−i) := 1, we have
u2dΓb(ω)u
∗
2 = dΓb(ω), u2ΦS(iej)u
∗
2 = ΦS(ej),
and hence
H˜ := (u2u1 ⊗ 1)H(u2u1 ⊗ 1)∗ − c
= dΓb(ω)⊗ 1 + 1⊗ dΓb(T ) + 1
2
d∑
j=1
1⊗ ΦS(gj)2 +
d∑
j=1
ω
1/2
j ΦS(ej)⊗ ΦS(gj)
holds. We use the natural isomorphism Fb(C
d) ⊗Fb(H ) = Fb(Cd ⊕H ). Then we
get
H˜ = dΓb(ω ⊕ T ) + 1
2
d∑
j=1
ΦS(0, gj)
2 +
d∑
j=1
ω
1/2
j ΦS(ej , 0)ΦS(0, gj)
= dΓb(ω ⊕ T ) + 1
2
d∑
j=1
ΦS(0, gj)
2 +
1
4
d∑
j=1
ω
1/2
j
[
ΦS(ej, gj)
2 − ΦS(ej ,−gj)2
]
as an operator equality. Note that H˜ is of the form (4.1).
Let us prove that H˜ satisfies the condition (B5). For this, it is sufficient to show
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that
K := 1 +
d∑
j=1
∣∣(0, T−1/2gj)〉 〈(0, T−1/2gj)∣∣
+
d∑
j=1
ω
1/2
j
2
∣∣(ω−1/2ej, T−1/2gj)〉 〈(ω−1/2ej, T−1/2gj)∣∣
+
d∑
j=1
(
−ω
1/2
j
2
) ∣∣(ω−1/2ej ,−T−1/2gj)〉 〈(ω−1/2ej ,−T−1/2gj)∣∣
= 1 +
d∑
j=1
∣∣(0, T−1/2gj)〉 〈(0, T−1/2gj)∣∣
+
d∑
j=1
(
|(ej , 0)〉
〈
(0, T−1/2gj)
∣∣+ ∣∣(0, T−1/2gj)〉 〈(ej , 0)|)
is an injective non-negative self-adjoint operator because K − 1 is of finite rank. Since
1 =
∑d
j=1
(|ej〉〈ej| ⊕ (1/d)), we can write K as K =∑dj=1Kj , where
Kj := |ej〉〈ej| ⊕ 1
d
+
∣∣(0, T−1/2gj)〉 〈(0, T−1/2gj)∣∣
+ |(ej, 0)〉
〈
(0, T−1/2gj)
∣∣ + ∣∣(0, T−1/2gj)〉 〈(ej , 0)|
is a self-adjoint operator for each j = 1, · · · , d.
Fix an arbitrary j ∈ {1, · · · , d}, and let Lj be the complex linear subspace of Cd
spanned by vectors e1, · · · , ej−1, ej+1, · · · , ed. We show that Kj is a non-negative self-
adjoint operator whose kernel is equal to Lj ⊕ {0}. The case gj = 0 is trivial, and so
we may assume that gj 6= 0. Let Kj := Cej ⊕CT−1/2gj. Then Kj reduces Kj , and the
restriction of Kj to Kj has the representation matrix(
1 ‖T−1/2gj‖
‖T−1/2gj‖ 1/d+ ‖T−1/2gj‖2
)
with respect to the orthonormal basis
{
(ej, 0), (0, T
−1/2gj/‖T−1/2gj‖)
}
. A straightfor-
ward computation shows that all of its eigenvalues are positive. On the other hand, the
restriction of Kj to K
⊥
j = Lj ⊕ (CT−1/2gj)⊥ is 0 ⊕ (1/d). Therefore the kernel of Kj
is Lj ⊕ {0}.
Since K =
∑d
j=1Kj and K1, · · · , Kd are all non-negative, we conclude that K is
non-negative and injective, and thus H˜ satisfies (B5).
Therefore H˜ satisfies the conditions (B1)–(B5). We define a conjugation operator
J˜ on Cd ⊕H by
J˜((z1, · · · , zd)⊕ f) := (z¯1, · · · , z¯d)⊕ Jf, (z1, · · · , zd) ∈ Cd, f ∈ H .
Then (B6) holds. By Theorem 4.3, H˜ is self-adjoint, and hence so is H . The rest of the
theorem follows from Theorem 5.3 and Theorem 6.1. This completes the proof.
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7.4 The Translation Invariant Pauli-Fierz Model in the Dipole
Approximation
Let H be a separable complex Hilbert space. We consider the following Hamiltonian
acting in L2(Rd)⊗Fb(H ):
H :=
1
2
d∑
j=1
(
pj ⊗ 1 + 1⊗ ΦS(gj)
)2
+ 1⊗ dΓb(T ),
where T is an injective non-negative self-adjoint operator acting in H , and g1, · · · , gd
are vectors in dom(T 1/2) ∩ dom(T−1/2). We set the domain of H by
dom(H) := dom
(
d∑
j=1
p2j ⊗ 1
)
∩ dom
(
1⊗ dΓb(T )
)
. (7.4)
Similar to Subsection 7.3, H is well-defined on dom(H). This Hamiltonian is an abstract
version of the translation invariant Pauli-Fierz Hamiltonian in the dipole approximation
studied by Arai [3].
We suppose that there exists a conjugation J on H such that
JTJ = T, Jgj = gj, j = 1, · · · , d.
Let Fd : L
2(Rd, dx)→ L2(Rd, dP ) be the Fourier transform defined by
(Fdf)(P ) :=
1
(2π)d/2
∫
Rd
f(x)e−iPx dx, f ∈ L2(Rd, dx), P ∈ Rd
in the L2-sense, where Px :=
∑d
j=1 Pjxj . We use the natural isomorphism
L2(Rd, dP )⊗Fb(H ) = L2
(
R
d, dP ;Fb(H )
)
=
∫ ⊕
Rd
Fb(H ) dP.
For the details, see e.g., [5, Section 2.7, 2.8 and 3.11]. Then we have the operator
equality
(Fd ⊗ 1)H(Fd ⊗ 1)∗ =
∫ ⊕
Rd
H(P ) dP,
where
H(P ) :=
1
2
d∑
j=1
(
Pj + ΦS(gj)
)2
+ dΓb(T )
= dΓb(T ) +
1
2
d∑
j=1
ΦS(gj)
2 +
d∑
j=1
PjΦS(gj) +
d∑
j=1
P 2j
2
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for P = (P1, · · · , Pd) ∈ Rd. As we will see below, H(P ) is self-adjoint on dom(dΓb(T )).
The main purpose of this subsection is to investigate H(P ).
It follows from Theorem 4.3 that
H0 := dΓb(T ) +
1
2
d∑
j=1
ΦS(gj)
2
is self-adjoint on dom(dΓb(T )). By Theorem 5.3 and Theorem 6.1, there exists a unitary
operator U on Fb(H ), independent of P ∈ Rd, such that
UH0U
∗ = dΓb(S) + E, S :=
√√√√T 2 + d∑
j=1
|T 1/2gj〉〈T 1/2gj|
with E := tr(S − T )/2. Since UΦS(gj)U∗ = ΦS(S−1/2T 1/2gj), we get the operator
equality
UH(P )U∗ = dΓb(S) + ΦS
(
S−1/2T 1/2
d∑
j=1
Pjgj
)
+
d∑
j=1
P 2j
2
+ E. (7.5)
The right-hand side is so called a van Hove Hamiltonian, which was studied in [4,
Chapter 12], [5, Chapter 13], [8] and [9, Section 11.6]. By Lemma 3.2, the vector
S−1/2T 1/2gj is in dom(S
−1/2). It follows from the Kato-Rellich theorem that UH(P )U∗
is self-adjoint on dom(dΓb(S)) and bounded from below (see [5, Theorem 13.1] or [8,
Proposition 3.13]). In particular, H(P ) is self-adjoint on dom(dΓb(T )).
We next study the existence/absence of a ground state of H(P ). By [5, Theorem
13.5], the lowest energy value E(P ) of H(P ), which is the infimum of the spectrum of
H(P ), is given by
E(P ) = −1
2
∥∥∥∥∥S−1T 1/2
d∑
j=1
Pjgj
∥∥∥∥∥
2
+
d∑
j=1
P 2j
2
+ E.
It is, however, not obvious whether H(P ) has a ground state or not. By (7.5), H(0)
has a ground state, and thus E(0) = E is the ground state energy of H(0). For
P 6= 0, the existence/absence of a ground state of H(P ) corresponds to the infrared
regularity/singularity condition.
Theorem 7.5. The following are equivalent:
(1) H(P ) has a ground state for all P ∈ Rd.
(2) gj ∈ dom(T−1) for all j = 1, · · · , d.
37
Proof. It follows from [8, Proposition 3.13] or [9, Theorem 11.73 (3)] that for each
P ∈ Rd, UH(P )U∗ has a ground state if only if
S−1/2T 1/2
d∑
j=1
Pjgj ∈ dom(S−1). (7.6)
We first show (2) ⇒ (1). By Lemma B.1, we have dom(T−3/2) = dom(S−3/2). This
together with assumption (2) implies that
T 1/2
d∑
j=1
Pjgj ∈ dom(T−3/2) = dom(S−3/2),
which is equivalent to (7.6), and thus H(P ) has a ground state for all P ∈ Rd.
We next show (1) ⇒ (2). Set
D := dom(T 2) ∩ dom(T−1/2) = dom(S2) ∩ dom(S−1/2),
and take an arbitrary u ∈ D . Then we have
S3/2u = S2S−1/2u =
(
T 2 +
d∑
j=1
|T 1/2gj〉 〈T 1/2gj |
)
S−1/2u
= T 3/2 · T 1/2S−1/2u+
(
d∑
j=1
|T 1/2gj〉 〈S−1/2T 1/2gj|
)
u. (7.7)
Since D is a core of S3/2, we obtain
dom(S3/2) ⊂ dom
(
T 3/2 · T 1/2S−1/2
)
and (7.7) for all u ∈ dom(S3/2).
On the other hand, for any u ∈ dom(S) ∩ dom(S−1), we have
(
TS−1
)∗ (
TS−1
)
u = S−1T 2S−1u = S−1
(
S2 −
d∑
j=1
|T 1/2gj〉 〈T 1/2gj|
)
S−1u
=
(
1−
d∑
j=1
|S−1T 1/2gj〉 〈S−1T 1/2gj|
)
u,
and thus we get the operator equality
(
TS−1
)∗ (
TS−1
)
= 1−
d∑
j=1
|S−1T 1/2gj〉 〈S−1T 1/2gj| =: A.
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Since TS−1 is bijective by Lemma 3.2, so is A. Let E be the subspace spanned by
S−1T 1/2g1, · · · , S−1T 1/2gd. Then A maps E into E . The bijectivity of A implies that
the restriction A|E of A onto E is injective. Since E is finite dimensional, A|E is bijective.
For each ℓ = 1, · · · , d, we choose a vector uℓ ∈ E so that S−1T 1/2gℓ = Auℓ. We now
use the assumption (1), which means that E is contained in dom(S−1/2). In particular,
each uℓ is in dom(S
−1/2), and hence S−1/2uℓ ∈ dom(S3/2). Letting u = S−1/2uℓ in (7.7),
we have
T 3/2 · T 1/2S−1/2 · S−1/2uℓ =
(
S3/2 −
d∑
j=1
|T 1/2gj〉 〈S−1/2T 1/2gj |
)
S−1/2uℓ
= S
(
1−
d∑
j=1
|S−1T 1/2gj〉 〈S−1T 1/2gj|
)
uℓ = SAuℓ = T
1/2gℓ.
The left-hand side is in the range of T 3/2, and thus gℓ ∈ dom(T−1). This finishes the
proof.
In a concrete setting (see e.g., [3]), it follows from the property of polarization
vectors (see e.g., [5, equality (11.26)]) that the set {T−1/2gj}dj=1 satisfies
〈T−1/2gj, T−1/2gℓ〉 = ‖T−1/2g1‖2δjℓ, j, ℓ = 1, · · · , d (7.8)
where δjℓ denotes the Kronecker delta. In our setting, if we further suppose (7.8), then
we get a stronger result than Theorem 7.5, which is an abstract version of [3, Theorem
3.3].
Theorem 7.6. Suppose (7.8). Let P ∈ Rd be arbitrary. Then the lowest energy value
E(P ) of H(P ) is computed as
E(P ) =
1
2(1 + ‖T−1/2g1‖2)
d∑
j=1
P 2j + E.
Furthermore the following are equivalent:
(1) H(P ) has a ground state.
(2)
∑d
j=1 Pjgj ∈ dom(T−1).
Proof. Let A := 1 +
∑d
j=1 |T−1/2gj〉 〈T−1/2gj|. It follows from (7.8) that
A−1 = 1− 1
1 + ‖T−1/2g1‖2
d∑
j=1
|T−1/2gj〉 〈T−1/2gj| . (7.9)
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Since S2 = TAT , we have the operator equality S−2 = T−1A−1T−1. Since dom(S−2)
is a core of S−1, we obtain
〈S−1u, S−1v〉 = 〈A−1/2T−1u,A−1/2T−1v〉, u, v ∈ dom(S−1). (7.10)
Let g :=
∑d
j=1 Pjgj. For any u ∈ dom(T 1/2) ∩ dom(T−1/2), it holds that
(1 + ‖T−1/2g1‖2)〈T−1/2u, T−1/2g〉 = 〈T−1/2u,A−1T−1/2g〉
= 〈A−1/2T−1 · T 1/2u,A−1/2T−1 · T 1/2g〉 = 〈S−1T 1/2u, S−1T 1/2g〉
= 〈S−1/2 · S−1/2T 1/2u, S−1T 1/2g〉, (7.11)
where we have used (7.9) at the second equality and (7.10) at the third equality.
Recall that H(P ) has a ground state if and only if T 1/2g ∈ dom(S−3/2). We first
show (1) ⇒ (2). By (7.11), we have
〈T−1/2u, T−1/2g〉 = 1
1 + ‖T−1/2g1‖2 〈u,
(
S−1/2T 1/2
)∗
S−3/2T 1/2g〉 (7.12)
for all u ∈ dom(T 1/2) ∩ dom(T−1/2). Since dom(T 1/2) ∩ dom(T−1/2) is a core of T−1/2,
we get (7.12) for all u ∈ dom(T−1/2), and thus g ∈ dom(T−1).
We next show (2) ⇒ (1). By Lemma 3.2, for any v ∈ dom(T 1/2) ∩ dom(T−1/2), we
obtain T−1/2S1/2v ∈ dom(T 1/2) ∩ dom(T−1/2). Letting u = T−1/2S1/2v in (7.11), we
have
〈S−1/2v, S−1T 1/2g〉 = (1 + ‖T−1/2g1‖2)〈T−1/2S1/2v, T−1g〉
= (1 + ‖T−1/2g1‖2)〈v,
(
T−1/2S1/2
)∗
T−1g〉. (7.13)
Since dom(T 1/2) ∩ dom(T−1/2) is a core of S−1/2, we get (7.13) for all v ∈ dom(S−1/2).
Therefore T 1/2g ∈ dom(S−3/2), which implies that H(P ) has a ground state.
Finally, we show the expression of the lowest energy value. Note that, for this proof,
we do not assume (1) or (2). Letting u = v = T 1/2g in (7.10), one has
E(P ) = −1
2
∥∥S−1T 1/2g∥∥2 + d∑
j=1
P 2j
2
+ E
= − 1
2(1 + ‖T−1/2g1‖2)‖T
−1/2g‖2 +
d∑
j=1
P 2j
2
+ E
=
1
2(1 + ‖T−1/2g1‖2)
d∑
j=1
P 2j + E.
This completes the proof.
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A Inequalities on Creation-Annihilation Operators
and Second Quantizations
Let (M,µ) be a measure space. Suppose that L2(M) := L2(M, dµ) is separable. The
space ⊗ns L2(M) can be identified with the set of square integrable symmetric functions.
L2sym(M
n) :=
{
Ψ ∈ L2(Mn) ∣∣ Ψ(k1, · · · , kn) = Ψ(kσ(1), · · · , kσ(n)), σ ∈ Sn}.
Let us consider the Cartesian product space
F
x :=
∞
X
n=0
L2sym(M
n),
where C := L2sym(M
0). Then the Fock space Fb(L
2(M)) can be identified with a subset
of F x. For Ψ = (Ψ(n))∞n=0 ∈ F x, we define an informal norm by
‖Ψ‖2 :=
∞∑
n=0
‖Ψ(n)‖2L2(Mn) ∈ [0,+∞].
An inner product of Ψ,Φ ∈ F x is defined by
〈Ψ,Φ〉 :=
∞∑
n=0
〈
Ψ(n),Φ(n)
〉
if the sum converges. For Ψ = (Ψ(n))∞n=0 ∈ F x and k ∈M , we define A(k)Ψ ∈ F x by
(A(k)Ψ)(n)(·) := √n + 1Ψ(n+1)(k, ·) ∈ L2sym(Mn), n = 0, 1, 2, · · · . (A.1)
Note that A(k)Ψ is defined for µ-a.e. k ∈ M . For finite particle state Φ ∈ Fb0,
〈Φ, A(k)Ψ〉 consists of finite sum and
〈Φ, A(f)Ψ〉 =
∫
M
dµ(k) f(k) 〈Φ, A(k)Ψ〉 , Ψ ∈ dom(A(f))
holds.
Lemma A.1. Let Q(k) > 0 be a measurable function. The multiplication operator by
Q(k) acting in L2(M) is also denoted by Q. Then, for all Ψ ∈ F x, Ψ ∈ dom(dΓb(Q)1/2)
if and only if ∫
M
Q(k)‖A(k)Ψ‖2 dµ(k) <∞.
In this case, the equality
‖dΓb(Q)1/2Ψ‖2 =
∫
M
Q(k)‖A(k)Ψ‖2 dµ(k)
41
holds. Moreover, if f ∈ dom(Q−1/2), Ψ ∈ dom(A(f)) and
〈Φ, A(f)Ψ〉 =
∫
M
f(k) 〈Φ, A(k)Ψ〉 dµ(k)
hold for Ψ ∈ dom(dΓb(Q)1/2) and Φ ∈ Fb(L2(M)).
Proof. The lemma directly follows from the definitions of second quantization operator
and A(k).
Lemma A.2. Let T be an injective non-negative self-adjoint operator acting in a sep-
arable Hilbert space and f1, · · · , fn ∈ dom(T−1/2). Then
dom(dΓb(T )
n/2) ⊂ dom(A(f1) · · ·A(fn)),
and the bound
‖A(f1) · · ·A(fn)Ψ‖ ≤ ‖T−1/2f1‖ · · · ‖T−1/2fn‖ · ‖dΓb(T )n/2Ψ‖ (A.2)
holds for Ψ ∈ dom(dΓb(T )n/2). In the case of n = 2, the bound
‖A(f1)A(f2)Ψ‖ ≤ ‖T−1/2f1‖ · ‖T−1/2f2‖
(‖dΓb(T )Ψ‖2 − ‖dΓb(T 2)1/2Ψ‖2)1/2 (A.3)
holds.
Proof. Since any self-adjoint operator T is unitarily equivalent to a multiplication op-
erator on an L2-space, it is enough to prove the lemma in the case of H = L2(M),
T = Q. By Lemma A.1, for Ψ ∈ dom(dΓb(T )n/2) and Φ ∈ Fb0, we have
〈A∗(f1) · · ·A∗(fn)Φ,Ψ〉 =
∫
Mn
f1(k1) · · · fn(kn) 〈Φ, A(k1) · · ·A(kn)Ψ〉 dµ(k1) · · ·dµ(kn).
We set ‖Φ‖ = 1, fj := fj(kj), Q1/2j := Q(kj)1/2 and dµ := dµ(k1) · · ·dµ(kn). Then we
have
| 〈A∗(f1) · · ·A∗(fn)Φ,Ψ〉 |
≤
∫
Mn
|f1 · · · fn| · ‖A(k1) · · ·A(kn)Ψ‖ dµ
≤
(∫
Mn
n∏
j=1
|Q−1/2j fj|2 dµ
)1/2(∫
Mn
Q1 · · ·Qn‖A(k1) · · ·A(kn)Ψ‖2 dµ
)1/2
≤ ‖Q−1/2f1‖ · · · ‖Q−1/2fn‖
(∫
Mn
Q1 · · ·Qn‖A(k1) · · ·A(kn)Ψ‖2 dµ
)1/2
.
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By the definition of A(k), one has
‖A(k1) · · ·A(kn)Ψ‖2
=
∞∑
N=0
(N + 1)‖(A(k2) · · ·A(kn)Ψ)(N+1)(k1, ·)‖2
=
∞∑
N=0
(N + 1)(N + 2)‖(A(k3) · · ·A(kn)Ψ)(N+2)(k1, k2, ·)‖2
=
∞∑
N=0
(N + 1) · · · (N + n)‖Ψ(N+n)(k1, · · · , kn, ·)‖2
=
∞∑
N=0
(N + 1) · · · (N + n)
∫
MN
dµ(kn+1) · · ·dµ(kn+N) |Ψ(N+n)(k1, · · · , kN+n)|2.
Therefore, we have∫
Mn
Q1 · · ·Qn‖A(k1) · · ·A(kn)Ψ‖2 dµ
=
∞∑
N=0
∫
MN+n
dµ(k1) · · ·dµ(kn+N) (N + n)!
N !
Q1 · · ·Qn|Ψ(N+n)(k1, · · · , kN+n)|2
=
∞∑
N=n
∫
MN
dµ(k1) · · ·dµ(kN) N !
(N − n)!Q1 · · ·Qn|Ψ
(N)(k1, · · · , kN)|2
=
∞∑
N=n
∫
MN
dµ(k1) · · ·dµ(kN)
N∑
j1,··· ,jn=1
♯{j1,··· ,jn}=n
Qj1 · · ·Qjn |Ψ(N)(k1, · · · , kN)|2, (A.4)
where, in the last step, we used the symmetry of Ψ(N). In the case n = 2, we have
(A.4) =
∞∑
N=2
∫
MN
dµ(k1) · · ·dµ(kN)
{( N∑
j=1
Qj
)2
−
N∑
j=1
Q2j
}
|Ψ(N)(k1, · · · , kN)|2
= ‖dΓb(Q)Ψ‖2 − ‖dΓb(Q2)1/2Ψ‖2, (A.5)
and, for n ≥ 2, we have
(A.4) ≤
∞∑
N=n
∫
MN
dµ(k1) · · · dµ(kN)
( N∑
j=1
Q(kj)
)n
|Ψ(N)(k1, · · · , kN)|2
= ‖dΓb(Q)n/2Ψ‖2 <∞.
Hence, for all Φ ∈ Fb0 and Ψ ∈ dom(dΓb(Q)n/2), it holds that
| 〈A∗(f1) · · ·A∗(fj)Φ,Ψ〉 | ≤
j∏
ℓ=1
‖Q−1/2fℓ‖ · ‖Φ‖ · ‖dΓb(Q)j/2Ψ‖, j = 1, 2, · · · , n.
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Since Fb0 is a core for A(f), by setting j = 1 in the above inequality, we have Ψ ∈
dom(A(f1)). Next, by setting j = 2, one has A(f1)Ψ ∈ dom(A(f2)). Therefore Ψ ∈
dom(A(fn) · · ·A(f1)) follows by induction. We also have the bound
‖A(fn) · · ·A(f1)Ψ‖ = sup
Φ∈Fb0
‖Φ‖=1
| 〈A∗(f1) · · ·A∗(fn)Φ,Ψ〉 |
≤
n∏
ℓ=1
‖Q−1/2fℓ‖ · ‖dΓb(Q)n/2Ψ‖.
Thus we get (A.2). The bound (A.3) follows from (A.5).
Lemma A.3. Let T be an injective self-adjoint operator and g ∈ dom(T−1/2). Then
dom(dΓb(T )) ⊂ dom(ΦS(g)2) and for all Ψ ∈ dom(dΓb(T )),
1
2
‖ΦS(g)2Ψ‖ ≤ ‖T−1/2g‖2‖dΓb(T )Ψ‖+ ‖g‖2‖Ψ‖ (A.6)
holds.
Proof. In this proof, we write
a := A(g), a∗ := A∗(g), c := ‖g‖2, d := ‖T−1/2g‖2, H0 := dΓb(T )
for short. We first assume Ψ ∈ Fb,fin(dom(T )). By the triangle inequality,
‖ΦS(g)2Ψ‖2 = 1
4
‖(a2 + a∗a+ aa∗ + a∗2)Ψ‖2
≤ ‖a2Ψ‖2 + ‖a∗aΨ‖2 + ‖aa∗Ψ‖2 + ‖a∗2Ψ‖2.
By the CCRs and Lemma A.2, we have
‖a2Ψ‖2 ≤ d2‖H0Ψ‖2,
‖a∗aΨ‖2 = ‖a2Ψ‖2 + c‖aΨ‖2 ≤ d2‖H0Ψ‖2 + cd‖H1/20 Ψ‖2,
‖aa∗Ψ‖2 = ‖(a∗a+ c)Ψ‖2 = ‖a∗aΨ‖2 + 2c‖aΨ‖2 + c2‖Ψ‖2
≤ d2‖H0Ψ‖2 + 3cd‖H1/20 Ψ‖2 + c2‖Ψ‖2,
‖(a∗)2Ψ‖2 = ‖aa∗Ψ‖2 + c‖a∗Ψ‖2
≤ d2‖H0Ψ‖2 + 3cd‖H1/20 Ψ‖2 + c2‖Ψ‖2 + c(d‖H1/20 Ψ‖2 + c‖Ψ‖2)
= d2‖H0Ψ‖2 + 4cd‖H1/20 Ψ‖2 + 2c2‖Ψ‖2.
Thus, we have
‖ΦS(g)2Ψ‖2 ≤ 4d2‖H0Ψ‖2 + 8cd‖H1/20 Ψ‖2 + 3c2‖Ψ‖2
≤ ‖(2dH0 + 2c)Ψ‖2,
and the bound (A.6) holds for all Ψ ∈ Fb,fin(dom(T )). By a limiting argument, the
lemma follows.
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B On the Domains of T−3/2 and S−3/2
It is shown that dom(T p) = dom(Sp) for all |p| ≤ 1 and p = 2 in Lemma 3.1. Here, we
show the equality for p = −3/2 under the infrared regularity condition.
Lemma B.1. Suppose (B1)–(B5). We further suppose that gn ∈ dom(T−1) for all
n ∈ N, and that
∞∑
n=1
|λn| · ‖gn‖ · ‖T−1gn‖ <∞.
Then dom(T−3/2) = dom(S−3/2) holds, where S is defined in (5.2).
Proof. Let A :=
∑∞
n=1 λn |gn〉 〈T−1gn|. By assumption, A is of trace class. We first
show that 1 + A is bijective. Let u ∈ ker(1 + A) be arbitrary. Since the range of A
is contained in dom(T−1/2), the equality (1 + A)u = 0 implies that u ∈ dom(T−1/2).
Hence it follows that
0 = T−1/2(1 + A)u = T−1/2u+
∞∑
n=1
λn〈T−1/2gn, T−1/2u〉T−1/2gn
=
(
1 +
∞∑
n=1
λn |T−1/2gn〉 〈T−1/2gn|
)
T−1/2u.
This together with the condition (B5) implies that u = 0, and thus 1 + A is injective.
The Fredholm alternative now tells us that 1 + A is bijective.
Set
D := dom(T 2) ∩ dom(T−1/2) = dom(S2) ∩ dom(S−1/2),
and take an arbitrary u ∈ D . Then we have
S3/2u = S−1/2S2u = S−1/2
(
T 2 +
∞∑
n=1
λn |T 1/2gn〉 〈T 1/2gn|
)
u
= S−1/2T 1/2
(
1 +
∞∑
n=1
λn |gn〉 〈T−1gn|
)
T 3/2u = S−1/2T 1/2(1 + A)T 3/2u.
Note that T 1/2S−1/2 is bijective with inverse S1/2T−1/2 by Lemma 3.2. Since D is a
core of both S3/2 and T 3/2, we get the operator equality
S3/2 = S−1/2T 1/2(1 + A)T 3/2.
By taking the conjugation of both sides, we obtain the operator equality
S3/2 = T 3/2(1 + A∗)T 1/2S−1/2, (B.1)
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which in particular implies that the range of S3/2 is contained in the range of T 3/2, and
thus dom(S−3/2) ⊂ dom(T−3/2) holds. On the other hand, it follows from (B.1) that
we have the operator equality
S3/2S1/2T−1/2(1 + A∗)−1 = T 3/2,
whence dom(S−3/2) ⊃ dom(T−3/2) follows. This completes the proof.
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